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ABSTRACT 

The use of an opposed-anvil apparatus as a mechanism for 
generating high-pressures in radially confined, circular speci
mens, has attracted the interest of many competent experimenters, 
and they have utilized the facility to explore the behavior of 
many materials in an environment of high pressure and tempera
ture. The increased utility of the opposed-anvil device has 
demanded that a pressure calibration be made to determine the 
actual pressure gradient existing within the compressed speci
men (pressure cell). It has long since been the general con
census of experimenters, that the pressure is not uniformly 
distributed across the cell, but agreement has not been achieved 
as to the location and magnitude of its maximum. 

This report represents a combined analytical-experlmental 
analysis of the pressure distribution occurring in a model, 
similar in structure and characteristics to the opposed-anvil 
or Bridgman-type pressure cell. From a mathematical necessity, 
the model has been constructed, and assumed to perform, in a 
manner consistent with the applicable laws presented in the 
theory of plasticity (von Mises yield criteria, st. Venant's 
flow laws, etc.). Such quantities as material compressibility, 
and pressure dependent properties, have been shelved in favor 
of examining the influence of radial constraints, material 
strain hardening, wafer diameter-to-height ratio, etc. 

This report presents a method of solutlon that 1s traced 
from the results of a rigid-anvil analysis, to the establish
ment of two-dimensional stress and pressure distributions in 
compressed, low-shear, constrained and unconstrained wafers. 
A discussion is presented on the continuance of the solution 
for higher shear stress levels, and more general displacement 
patterns. The integrated axial normal stress distribution 
across the specimen surface has been verified with several 
materials, with and without radial constraints. Pressure 
levels in excess of the first bismuth transition have been 
recorded, and a possible high-volume, high-pressure generating 
device has been described. The future work that can, and will 
be attempted, is discussed briefly. 
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dimensional analysis 
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A PLASTIC STRESS ANALYSIS OF CYLINDRICAL WAFERS 

UNDER ELASTICALLY DEFORMABLE COMPRESSION PLATES 

INTRODUCTION 

The f1eld of h1gh-pressure research has stemmed pri

marily from the pioneering efforts of P.W. Bridgman, and is 

fast becoming one of the most lucrative areas of future re

search and development. The knowledge thus far acquired has 

led to the discovery of synthetic diamonds and emeralds, and 

has added evidence to the be11ef that other substances such 

as the metallic forms of ammonia and hydrogen can be created 

in the appropriate environment of ultra high-pressure and 

temperature. Even though the organ1zat1onal un1t of High

Pressure Technology is embod1ed in the structure of the 

American SOCiety of Mechanical Engineers, the list of con

tributors to this field includes chemists, physiCists, geo

phys1cists, geo-chemist, metallurgist, geologists, engineers, 

and many others. The diversified knowledge of these re

searchers has manifest itself in terms of the many avenues 

of approach available to the solution of high-pressure prob

lems. The utility of chemical, electrical, optical, and 

mechanical changes produced 1n h1gh-pressure env1ronments 

have been exploited to obta1n a better understanding of the 

phenomenon involved. 

The problem of specific interest here is the study of 

pressure gradients existing in a spec1men situated between 

a pa1r of compression plates, called anv1ls. The res1stance 
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change in manganin wire, as a function of pressure, has 

served as a basis for an experimental evaluation of pressure 

gradients in circular wafers of silver chloride; Reference (a). 

The manganin wire was formed into a hoop of constant radius 

in accordance with the assumed axial symmetry. This technique 

prevented any axial Variations from influencing measurements 

of the radial gradients, and the converse is true for axial 

measurements. In Reference (b), the pressure induced phase 

change of bismuth wire was employed to obtain specific load

pressure data. The authors of this reference placed bislnuth 

wires in both axial and radial pOSitions in an effort to 

isolate and define the gradients occurring in these two 

directions. The results reported in Reference (a) indic~te 

that pressure is lowest at the wafer center, and increases 

linearly with increase in radial position. Reference (b) 

suggests that this result is possible, but would be largely 

dependent on the diameter to thickness ratio (D/H) of the 

wafer. The authors of Reference (c) have used the techniques 

described in Reference (b) with the result that the pressure 

is always highest at the center of pyrophyllite, talc, and 

boron nitride wafers. This reference also mentions the ex

istence of axial variations in confined wafers of variable 

D/H ratiOS, and points out the influence of the anvil-wafer 

friction on this variation. These conclusions are definitely 

compatible with the results of this report. Since the actual 

pressure mechanism which generates these phase and resistance 

'changes has not been conclusively described, most experi-
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mentors have been compelled to define pressure in terms of 

total compressive load, divided by wafer area. This is 

actually a measure of the average axial normal stress, and 

would supposedly exist only at the mid-merdian plane by 

virtue of the presence of shearing stress on the deflected 

wafer surface. Pressure is usually defined as the average 

of the orthogonal stress state existing at a point, and will 

be referred to as such in this report. The purpose of dis

cussing these reports is to point out the difficulty to be 

encountered by experimentors in attempting to isolate, and 

predict, the influence of changes in all of the probable 

parameters. Chief among the parameters needed to be studied 

are: diameter to thickness ratio; wafer material properties; 

anvil-wafer friction effect; anvil deflection; and influence 

of radial constraints. 

The recent edition, Reference (d), of the Annotated 

Bibliography on High-Pressure Technology, by Alexander Zeitlin, 

has served as a very extensive and professional survey of the 

past contributions to high-pressure reasearch. This reference, 

published in 1964, and containing over 275 pages, presents, 

in cross-reference form, a listing of P.W. Bridgman's papers, 

in addition to the numerous high-pressure oriented publications 

found in the various fields of science. A study of this 

reference indicated that the experimental techniques employed 

in References (a), (b), and (c), discussed earlier, provided 

the most recent and accurate data that has direct applica

bility to the subject problem. Reference (e) represents the 



inital analytical work conducted in this area, and is the 

forerunner of the efforts . presented herein. Several short 

articles, References (f), (g), (h), and (i), have appeared 

which present a simplified analytical discussion of the 

pressure distributions in opposed anvil systems. However, 
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in each of these, the assumptions of rigid anvils, one-dimen

sional variations, pseudo-type materials, zero anvil friction, 

etc., were invoked at will in order to reduce the equations 

to an easily tractable form. The complexity of the problem 

prohibits the thought of abandoning the experimental approach; 

nevertheless, these efforts would be complimented with an 

analysis based on the appropriate equations contained in the 

theory of plasticity. This thesis presents a completely 

analytical solution for the compression of wafers under 

elastically deformable anvils, with due consideration given 

to the parameters listed above. A theoretically compatible 

experimental model has been developed and employed in an 

effort to assess the significance of the required mathematical 

assumptions, and to verify the resulting pressure gradients. 

The specific contribution of this thesis is the ability to 

examine, on an individual basis, both analytically and experi

mentally, the effects and influence of the parameters item

ized in the previous paragraph. Several special cases have 

been treated to illustrate the scope and flexibility of this 

analysis. It is to be noted that the results of this thesis 

are in basic agreement with the conclusions of References (b), 

(c), and (j), and can be used, with the more exact definition 
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of pressure, to explain the apparent discrepancies found 

in earlier references. 

5 



PURPOSE AND OBJECTIVES 

The overall purpose of this analysis is to determine 

the state of stress existing within a short circular cylin

der subjected to compressive loads by initially parallel 

plates,and to evaluate the effects of such parameters as; 

material strain-hardening, anvil (or plate) deflection, 

anvil-wafer surface shear, influence of an elastic radial 

confining ring, and the effect of the initial diameter-to

height ratio of the wafer. 

The technical objectives are as follows: 

1. To derive from the basic equations of plasticity, 

equilibruim, and continuity, a set of relations which will 

provide the state of stress in the wafer as a function of 

the above parameters, for a prescribed compressive load. 

2. To design and develop an experimental system which 

is compatible with the mathematical model postulated in the 

analytical analysis. 

3. To utilize results of the experimental system to 

obtain added verification of the predicted stress distri

butions within the wafer. 

6 



I. STRESS ANALYSIS 

The discussion of a stress analysis involving the com

pression of wafers in an opposed-anvil apparatus necessitates 

an agreement on the terminology to be employed. The wafer is 

initially in the form of a short, right circular cylinder, 

and is located between an identical pair of parallel plates, 

called anVils. As these anvils are brought closer together, 

a compressive force is generated on, and in a direction 

perpendicular to the parallel surfaces of the wafer. This 

loading causes the wafer to expand in the radial direction; 

however, the original cylindrical shape of the wafer is not 

necessarily maintained. The expanding wafer is retarded at 

the wafer-anvil interfaces by the inherent shearing action, 

and consquently deforms into a barrel shape (barrelling). 

If the compression plates are non-rigid, then they too will 

undergo a certain deformation pattern with change in load. 

The assumed elastic behavior of the anvils requires that they 

return to their initial parallel position upon unloading. 

However, the wafer is allowed to flow plastically and will, in 

general, be permanently distorted. Figure 1 is a qualitative 

view of the wafer in the deformed state. If the wafer main

tains its cylindrical shape during expansion, then the single 

radial coordinate r can be used to describe the process. 

The posession of axial symmetry eliminates the variation of 

any parameters with the circumferential coordinate e. In 

7 
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the more general case, variations are occurring in the axial 

direction Z, and must be accounted for. The center of the 

wafer is shown to be the thinnest section; however, this is 

not a necessary assumtio.n in that the analysis will dictate 

the required direction of curvature. As will be explained 

later, the variations in the one-dimensional analysis are 

assumed to be linear, while those in the two-dimensional case 

can be parabolic. 

The admittance of an elastic containing ring around the 

wafer retards its motion, and significa.ntly raises .. the stress 

level within the wafer. This, and other techniques, have 

been re~ponsible for the generation of pressures of the magni

tude required for bismuth phase changes as discussed earlier. 

The containing ring acts only on the wafer, hence the entire 

compressive force of the anvils is directed through the wafer. 

The actual design and construction of the containing ring is 

described in the section Experimental Facilities. 

In order to effectively demonstrate the influence of 

the parameters under study, a single wafer material, called 

the primary material, was utilized in those tests where the 

material constants were not variable. Additional experiments 

were conducted with different wafer materials, called the 

secondary materials, to evaluate the material effect. The 

selection of the primary wafer material was based on the 

following factors: (1) high strain hardening; (2) high 

ductility; (3) incompressibility; and (4) essentially linear 

strain hardening. Strain hardening is one of the chief para-
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meters to be studied, while the others are qualities which 

are compatible with the plasticity equations to be introduced 

Jater. The secondary wafer material should reflect changes 

only in those parameters under study. The above reasoning 

led to the selection of annealed 303 stainless steel for the 

primary material, and 2S aluminum, 6061 aluminum, and Armco 

iron for the secondary materials. 

The approach to be taken here is to first describe the 

system of equations to be used, present the method of solu-

tion, and then show the resulting stress distributions for 

each of the situations under study. 

A. Formulation of Governing Equations. The system of 

equations to be developed here are patterned from those g iven 

by Hoffman and Sachs in Reference (k). It has been determined 

experimentally in Reference (g), that for large plastic stra-

ins, such as occur in most metal-forming operations, the 

material may be considered incompressible. The condition of 

volume constancy may be Nritten as 

+E~;;:O ( I ) 

where €r ' € e ' and e z al'~ the normal strains acting in the 

radial, tangential, and axial directions, respectively. 

Since the wafer is axially symmetric, the strains are defined 

in terms of the displacements as 

E r 
au 
ar -, - u -

r 
aw -- ar , 



rr~ -- au 
- + a· 

1. 1 

(2) 

where u and ware the radial and axial displacement, 

respectively, and 7rz 1s the shearing strain. If the dis

placements u and ware defined in terms of displacement 

function a s 

, ----r I ar (3) u= I '''' -
r'~ 

I 

then the volume con sta ncy equation is satisfied identica lly. 

Using the a ssumptions of small finite strains (less than 

20-30 percent) and the condition that the principal axes of 

stress and stra in for a particle do not rotate with respect 

to the particle during the process of straining , Reference 

(k), the strains and strain increments may be written with 

the p ronn~t1on8 1i t7 =e l a tionship as 

-
d€r ·d€. d€z dE 

(4) - - -- - -€, €. €z -€ 
This condition is achieved i f there is no shear on any of the 

wafer surfaces, and the wafer maintains its cylindrical shape 

during loading. The same is approximately true for small 

amounts of shear at the wafer-anvil interfaces. A further 

discussion of this restriction is presented in the section 

Experimental Procedures and Results, and is supported in 
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part by the experimental results. 

The flow laws identify the stress-strain state while 

the material is undergoing plastic deformation. st. Venant's 

theory may be written in tensor notation as 

5' 2 ~ E-
.. 

E - 0 , - (5 ) 

where 

S· = deviator stress tensor 

E' = deviator strain-rate tensor 

).. = variable scalar factor 
EU = spherical strain tensor 

(EU = 0 is a statement of volume constancy) 

The expansion of this tensor equation is presented in 

References (k) and (I), and when combined with the law of 

proportional straining, equation (4), the resulting stress-

strain relations, valid in the plastic domain, can be written 

as 
2"i a- tr - -

r .. --
2(1':-r 'i cr. 

(6) 

2cr: -.. tr.-r ere --
2cr - cr: -

r 8 ere. 

6Tr. 
( 7 ) 

2 err - OS- 0-• 
. 



where or ,00 ,and Oi are the normal stresses acting 

in the radial, tangential, and axial directions, respec

ti vely, and Irz is the only non-vanishing component of 

shearing stress. The first two of these equations are not 

independent, in that they reduce to a statement of volume 

constancy when combined. Thus, only two -equations are 

obtained from the flow law. 

13 

The von Mises yield criteria can be used to predict 

the incipience of plastic yielding in ductile metals. This 

theory is independent of the hydrostatic component of stress 

and requires the knowledge of a single material constant, 

the "effective stress" in uniaxial state of stress, in 

order to predict the behavior under any given combination 

of principal stresses. The applicable yield criteria is 

written as 

-where a- is the effective stress taken from a uniaxial 

compression test. The effective stress is assumed to be 

linear with respect to the effective strain as called for 

in the selection of the wafer material. Thus, the linear 

form of the Ludwig equation, Reference (n~ becomes 

• + be (9) -
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where CO is the yield stress at the onset of plastic 

-strain, b is the slope, and € is the effective strain 

in the plastic region. An inherent implication here is 

that the wafer material be rigid until the incipience of 

plastic strain, and then strains in a linear fashion. Thus, 

the small elastic strains occurring in the wafer are neg

lected.The effective strain £ for a material that is 

rigid up to yield is given in Reference (f), and when com

bined with equation (4) can be written as 

The von Mises yield theory is thus a combination of equations 

(8), (9), and (10). 

The two equilibrium equations for cylindrical coordi-

nates are easily developed from the stress state acting on 

a differential volume element taken from the wafer in the 

loaded state. They are 

aCTr CTr-~ ant=O + + ar r .~ 
( II ) 

8Trl .a-e Tre .. 0 + + ;, -ar 'z ·r 
( 12 ) 
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The a bove system of equations, combined with the appropriate 

boundary conditions, are sufficient for a complete determin-

ation of the displacements, strains, and stresses occurring 

in the plastically deformed wafer. 

B. Method of Solution. The utility of a displacement 

function becomes apparent when it is realized that the previ-

ous system of equations can be reduced to a single equation, 

involving only the displacement function ~ , and the character

istics wafer material properties. Once the appropriate 

displacement function is determined, or assumed, t0e strain ~ 

and displacements can be found directly. The first step will 

be to formulate this equation, and then discuss the available 

solutions in light of the various material parameters. 

From the first flow law, equation (6), the expression 

I 2E + E8 
) - U8 1(-'--) 

E8 - E, 
U, ( ( \ '3) 

is obtained. Combining this with the second flow law equa-

tion (7), gives 

( 14) 
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Using (13) n nd (14) in conjunction with the yield criteria, 

equa tion (8), the following stress difference is obtain ~~ . 

--

substituting (15) into (14) yields 

Tre 
0- (yr~) 

------2~------~2~--~2~ 1/2 

2.j"! [Er + Er E8+ E8 + ~ yr.] 

Equa tions (15) a nd (1 6 ) ca n be expressed in terms of the 

l~ffec ti ve stra i n f1. S 

-20-

(16 ) 

(17 ) 

Tr, = 
-0-

3E 
( Yr~) (I8 ) 



Using (13) a nd (15), t h e axj al stress orz becomes 

-20'" 
O"'fo = a; 3E 

(19) 

These last three equa tions can be combined with the two 

equilibruim equa tions, (11) and (12), to give 

a .O"'r 

ar + 

-
+ =0 

I a (J !5- + (J Yr'f' 
-3 Tr(~E Yr~ ) + -" a,z 3rE 

2 a '[ iT ] - ._ ' -= (2E -Ee) sO 
3 az E r 

(20) 

(21) 
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Ta lcing t h e parti a l derivaties of (20) and (21) with resp ect 

to z a n d r, respectively, and combining the resulting 

e q uation s to elimina te err , g ives 

I a -+ _ _ (!lyre) _ 
r ar E 

I (~' yre) 
r 2 -

E 
=0 

Using stra in-disp l a cement, a nd displacement-displa cement 

function rela tions, equations (2) and (3), a single equation 

conta ining only the displacements function '" ' and the 

- -m3. teri a l s I ~ r!l i..n 1>: l, r : U"leters, er a nd £ c a n be vlri t ten 

i n the for:n 

- -2 2 (T 

+ V3 '" V 2 (¥ ) 
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(23) 

=0 

where the operators 'V. ) ~2 and \73 are defined as 

(these operators are equivalent to the standard Laplacian 

operator, except for the 1nd1cated sign changes) • 

V
2 a2 a + a2 

-2- a 2 I ar r clr 

v. 2 a2 
I a a2 

-2+ -- az 2 2 ar r ar 

v2 iJ2 . I iJ a2 
- -2--'- ai2 -3 ar r ar 

Equation (23) represents the governing equation for determi

ning the displacement function ~ ,and is predicated on 

the existance of proportional straining, equation (4). If 

the total derivat1ves had been retained in the flow law . . 
equations, and if the velocities u and w, act1ng in the 

radial and axial directions, respectively, are defined as 
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• u = , .~ , • w 
I •• 

:--i- (24) --

1;<lhere • is a veloci ty function, then the analogous differ

entiql equation for the time dependent flow of an arbitrary 

ma teriA.l becomes 

- 2 (.f) CT 
V

4+ V2 - + V3+ • - I 2 E E 
(25) 

2 , a , a. ~)~.J(~) + -;n(~ r ,az E 

+ 2 L(2..!! * )llr11i! i( t ) - 0 -a~ ' a, 

In the case of a Newtonian fluid, the ratio of the shearing 

stress to the rate of shear strain is a constant; and this 

constant is usually called the coefficient of viscosity ~ • 

Using analogous terms, the following relation can be written 

for a Newtonian fluid. 



2:1 

• 
(26) - - fLE 

Combiniflg equa tions (25) and (26) gives 

4 
VI. • 0 (27) 

The solution of (27) for the compression of a circular 

layer of viscous fluid, by parallel plates moving with 

constant velocity, is presented in Reference (g). This 

reference indicates that the pressure is greatest at the 

center of the s p ecimen; a result which is consistent with 

the results of this report. An equivalent solution could 

be obtRi ned from (23), providing that the ratio of the 

effective stress and strain remains constant. This is 

the requirement for an elastic material, which is not of 

interest here. The prospect of obtaining an exact solution 

of (23) is improbable at this point, and a numerical solution 

would likewise be difficult by virtue of the mixed boundary 

conditions. An alternate approach, and the one to be used 

here, is to select an approximate displacement function ~ 

that will yield a prescribed displacement pattern which is 

consistent with the observed shape of the loaded wafer. 
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C. Resulting Stress Equations. Depending on the 

assumptions that are applied, different stress solutions 

are obtainable. These solutions are derivable from the 

same basic equations, but are presented under separate 

headings to preserve and emphasize the effects and influence 

of each assumption. The more general solution is presented 

first, followed by the results of a simpler analysis. The 

last topic of this group is concerned with the extension of 

the present analysis to include the effects of a concentric 

hole located along the axis of the wafer. 

1. Two-Dimensional Wafer Profile-With Shear. The 

assumed profile of the wafer in the loaded state has been 

portrayed in Figure 1, and leads to the following trial for 

the displacement function ~ • 

4 
'" • O. r ~ 

(28) 

where a1, a2' and a3 are constants, and will be referred 

to as displacement coefficients. Using this function with 

equations (3), the displacements become 

(29) 



23 

(30) 

An examinFition of (29) indicates that the wafer can barrel 

in a parabolic fashion, having symmetry with respect to the 

mid-meridian wafer plane. Equation (30) shows that the 

wafer-anvil interface can likewise be deformed into a para bola; 

the line of symmetry being coincident with the wafer axis. 

It should be noted that no restriction has been placed on the 

wafer diameter-to-height ratio (D/H). 

By taking the appropriate derivatives of the displace-

ments, the strains are found to be 

2 2 
E, = 3 at r + 302 ~ + a3 

2 2 
E8= 0. r + 3~r +03 

22 · 
,E;-40. r - 6a2~ - 2, a3 

(31 ) 

(32) 

(33) 

(34) 
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When equations (31) through (34) are combined with (10), the 

effective strain becomes 

_ 4 2 1/2 
E = ((. r + ~I r + Y I ) 

where 

52 
« = I 3 

4 
~= -

I 3 

2 
a I , 

(35) 

(36) 

The first derivative with respect to z of the above coef-

ficieLts will be required later, and are documented here a s 

(37) 
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With the strains now known, the equilibruim equation, (20), 

can be integrated, with the aid of (9), to give the radial 

stress result shown in (38). The integration is lengthy, 

but can be accomplished with the formulas appearing in a 

short table of integrals. The constant of· integration is 

assessed by requiring that the radial stress be equal to the 

containing pressure Pi at the external wafer surface. If 

the containing ring is absent, Pi vanishes. The remaining 

stresses are easily found from the use of equations (17), 

(18), and (19). The tangential and axial normal stresses 

are given in (39) and (40), respectively, and equation (41) 

is the $hearing stress. The foregoing three normal stress 

equations represent the orthogonal stress state existing at 

any point in the wafer, and are based on the assumptions of 

low shear stress, elastic deflection of the anvil and con

·taining ring, and linear strain hardening of the wafer ma-

terial. The mean stress or pressure distribution across 

the diameter of the wafer may be obtained by taking the 

average of (38), (39), and (40). 

The area under the axial normal stress OJ curve, evalu

ated at the mid-meridian wafer plane, (2 = 0) corresponds to 

the applied force transmitted to the wafer from the anvils. 

The mid-meridian is ~elected, since at any other plane the 

wafer is distorted, and is under the influence of shearing 

stresses, which can support a portion of the applied load. 

In integral form, the area is expressed as 



-

. 0: 
r -.. ao 

3V(X 
I 

(38) 

(41) 



u.-
8 

o;~ (30~ 40.) 

+ 3(P~-4a:IYI) 

222 
- - a b (r +R ) 3 I 

22 ' 
- 02b (r - R ) -. PI 

(39) 



cr~. cr. (20. - 30Z Ln 
3 Va:, 

• • 2 I I 

{ 
(A s.- 2 a:. Y.) r - (13. Y. - 2y.13.) 

[ 
4 2 ] 1/2 a:.r + !J,r + YI 

: (40) 

I 12 I I 2 2 
(S. 13,-2 a:, y,) R - (fl, y,-2 y,13.) } _ 20; { 70. rT90~ + 30 3 J 

[
4 2 ] 1/2 . 3 [4 2 J II 

a::,R +!J. R + y, a:.r +/!l.r + Y. 

f' ) 
:0 
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Rc 
F = 2.". 1 l CT~) r d r 

o . e-o 
(42) . 

where Rc is the maximun wafer radius in the mid-meridian 

plane. Substituting equation (40) into (42), and performine 

the indicated inteeration, the results shown in equation (4)) 

are obtained. The subscript "c" indicates that the quantity 

in question has been evaluated at a radius of magnitude Rc. 

The boundary conditions imposed on the problem by its 

physical. constrairlts are itemized in the following paragraphs. 

The boundary conditions shown apply to the compression o~ a 

solic'l. , ra,dially retarded wafer via elastically deformable 

compression plates. The applicable conditions for the case 

of no containing ring, or for a hollO't'f l,rafer, will be pointed 

out at the appropriate place. 

The first boundary condition pertains to the radial 

deformation at the mid-meridian wafer plane. This condition 

requires that at 

r • Rc , 
II> , U • Rc - Ro (44) 

w'here Ho is the ini tial wafer radius. A combination of (29) 



(43) 

)1} 
\ .1 
C> 
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a nd (44) give s 

= ( - (45) 

The second condition relates the radial wafer deflection to 

the constraining pressure. If 6 is the radial deflection 

at the mid-meridian plane, then 

8 • R' -R • c 0 

-8 
(5.32)( 10 (46) 

where Pc is the restraining pressure exerted on the wafer, 

at Z = 0, by the containing ring. The numerical factor 

appearing in (46) is obtained from an application of the 

• well-known Lame equation for the elastic deformation of a 

thick-wall cylinder. These equations can also be used to 

describe the amount of tangential strain e. c occurring at 

the outer surface .of the cont?-ining ring, due to the in

fluence of the internal pressure Pc. The relation found 

for the ring used in this program is 

-9 
E8c • (3.02 X 10 ) p. (47 ) 



32 

A more detailed description of the containing ring and its 

use is given in the section "Experimental Facilities and 

Procedures". Using equations (29) and (46), the mid-meridian 

constraint pressure becomes 

= (-5-. 3-2-
R
....,;X C::;...IO-· .... S-) (48) 

In the absence of a constraining ring, Pc is zero. If the 

total axial deflection along the wafer axis is defined as 

A , the third boundary condi tion becomes 

r • 0 , - h • c ' w-- (49) 

where hc is one-half the wafer height, measured along its 

axis, at any given load. Substituting the conditions of 

(49) into (30) gives 

a = 3 2(2h.-~) 
- (50) 

where 2hc is the initial wafer height. 

The assumption is now made that the amount of shear 
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stress existing on the wafer-anvil interface is directly 

proportional to the magnitude of the normal stress acting 

on this same surface. (Coulomb law of friction). The 

coefficients of friction for various materials, under a 

pressure of 25 Kb, have been documented in. Reference (m). 

The manner is which these experiments were conducted re-

quires that the integrated effects of the normal and shear 

stresses be related as follows. 

R.,. R't 
r (Tr.) rdr =f L 

Jo .-he 0 
(51 ) 

where Rt is the external radius, evaluated at the top sur

face of the loaded wafer. If the shear stress Trz exceeds 

the shear strength '-0 of the wafer material, then equation 

(51) must be written in the form 

Ra 1 (Trz) rdr 
o I-he 

(52) 
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where R a is the radial position where Trz becomes equiva-

lent to To . The value of To is considered to be one--half of the effective stress a- at any given stage of 

strain. The limits of integration are taken as shown since 

the shear stress is zero at the wafer axis, and increases 

with increase in radial position. The computer program 

used in solving this problem first calculates the shear 

stress Trz at the top surface of the wafer,. and then runs 

a compari son check between Trz and To at ten equally spaced 

intervals across the wafer. If Trz is less than To at all 

radial positions, then Ra is set equal to Rt and equation 

(52) reduces to (51), thus eliminating the need of equation 

(51). Combining the known stress equations with (52), and 

performing the indicated integration yields the results 

shown in equation (53). 

2 

3 
+ CTO N ) a 

~b[(Kt It- Ka ~a) / a«t 
. I 

-- (53) 



The terms J, K, L, M, N, and hc are defined as follows, 

and the subscripts "t" and "a" indicate that these terms 
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have been evaluated at the radii Rt and Ra , respectively. 

he = ho - fl/2 

J - [~+RYct"t ]/[ Wt - R~] 
K 2 - 2ex:t Rt + f3t -

(54) 

L Ln (K + 2 ~t E) 

M - ex: f32 1.5 
( 4 t Yt - t) / I 6 ex: t 

N R / v'«t - ( 1«.3)°·25 
Yt t Ln (Jt) 

The last boundary condition is concerned with the com-

paticle deformations of the wafer and anvil at their mating 

surface. An approximate relation which relates the average 

slope of the anvil to that of the wafer is given as 
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(w) J 
r -R ANVIL 

--
(55 ) 

If the anvils are considered to be semi-infinite elastic 

bodies, the deflections due to a normal stress, continuously 

distributed within a circular region, are given in Reference 

(g) as 

1- If -G 

(56) 

[ (W) ] 
,-Rt ANVIL 

_ I-If JRt 
- GRt 0 CT~ rdr 

A combination of equations (30), (40), (55), and (56) re-

suIts, after lengthy computations, in the expression shown 

in equation (57). The terms Dl , El, and Hl , appearing in 

(57), are defined in equations (58). The intes ral term ap-



G Oi {lnRt ( -I ~~ ) (hC-ht ) = ~ (20 -30 ) Ln( K ) dr 
-., 3 Y « f • 2 0 

+~OOhc[(3a2-4a,)1 (~~4a;'t) ] {(OINt+EJt/H1) (57) 

2 2} I 3 -R t (DIRt - E )1 (V«t Rt - V
Yt

) - 3" bRt (4 G.+ G
2

) 

- bRt [ R~( f 0.- 02)+ 602 h~+ 2°3+ Pt I b ] - FrR
t 

(58) 
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pearing in (S8) does not possess a simple closed-form so-

lution, and is therefore evaluated in the computer program 

by an application of Simpson's Rule. An explanation of this 

computer program is given later. 

The equations (4S), (48), (SO), (S3), ·and (S7) repre-

sent five independent equations for the determination of the 

three displacement coefficients, ai' a2' a3' th~ mid-meridian 

constraining pressure, Pc, and the wafer centerline deflec-

tion, Il Once these quantities are known, the displace-

ments, strains, stresses, and applied force can all be found 

by utilizing the appropriate equations. When each of the 

above equations are expanded, the thought of obtaining an 

explicit equation for each of the unknowns is out of the 

question. The complexity of these equations provided the 

motivation for writing a computer program that would solve 

for the unknowns, using an iteration scheme. Appendix I has 

been reservrofor a discussion of the use and operation of the 

programs utilized in determining the unknown coefficients, 

and evaluating the stresses, applied force and strains per-

taining to the two-dimensional analysis of a compressed 

wafer. 

2. One-Dimensional Wafer Profile- Zero Shear. The 

displacement function that will yield the deformation pat

tern shown in the first part of Figure 1 is written as 

til • I 
(59) 
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v.rhere a 5 and a6 are the constant displacement coefficients. 

Combining (59) with equations (J) leads to the following ex-

pression- for the displacements. 

u -- (60 ) 

w -- (61 ) 

The undesirable feature associated with these displacements 

is that . the curvature at the top surface of the wafer is dis-

continuous at the axis. This situation could have been reme

died by repla cing the rJ term in (59) with an r 4 ; however, 

the resulting equations were not deemed tractable at the time 

this part of the problem was worked. If the above displa ce

ments [:l.re comhined with the strain definitions, (2), the re-

suIts are 

(62) 
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The asswnption is made that a perfect lubricant is applied 

to the w~fer-anvil interfRce, thus creating a condition of 

zero sheRr. The simpler form of the strain equations per-

mits the use of the Ludwig equation for relating the effec-

ti ve stress 8.nd strain, v.Jhich is wri tten as 

b +( -E)" 00= (63) 

'.tlf1ere "n" is a constant exponent which characteriz,.es the 

shape of the experimentally determined stress-strain curve. 

Utili~ing equations (62) and (6J), and following precisely 

the same steps as shmm in the two-dimensional analysis, the 

resultir1g normal stress equations for one-dimensional vari-

ations, and zero shear, are found to be of the form shovm 

in equations (64), (65), and (66). The coefficients ex: 
and J3 appearing in these equations are defined as 

ex: - ) - 2R(2~6)] 

( 67) 



41 

a: • 0"0 Ln ( <X r +fj) + . b 
r V'2T CX:R +/i nvr. 

( 64) 

( 2 )n [( )" ( )" ] · «,+~ - CX:r+ ~ . . Y3 . 

Oi = 0"0 rLn (<xr+fj ) _ ( <Xr )] 
8 V2f ~ a: R +/i r£, +/i 

+ . b ,( 2 >" [ (a: r + /i ) n ( 65 ) 
nV21 : V'3 . 
-<Xnr (<Xr+fj)n-I - (<XR+fj f] 

a: ] b 2"[ n .( ex ~) +~ ("3) Ia:r+~) :; (66) '+" ~ 
I 
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The boundary conditions used to determine the two displace-

ment coefficients and a6, the constraint pressure 

and the wafer centerline deflection are the salUe a s t:lOse in-

voked previously. Once these factors are known, the dis-

placements, strains, stresses, and applied force can a ll be 

found by utilizing the appropriate equations. 

A complete description of the one-dimensiona l 8.nalysis, 

together with the computer programs used in computing the 

coefficients, stresses, and applied force, is presented in 

Reference (1), and will not be repeated here. 

3. Rigid Anvils - Zero Shear. If only the last term 

appearing in the previous two displacement functions is re-

t a ined, a new function 

( 68) 

is thus defined. It will be shown that this function leads 

to the results obtained from the analysis of rigid, per-

fectly lubricated anvils. 

Taking the appropriate derivatives of (68), the dis-

placements Lacorne 

u - (69) 



The stra ins n re fOl~nd to he of the form 

-20 
7 , =0 

(70) 

Using, once again, t~e format eiven p reviously, the stresses 

be con e 

• =0 
(71 ) 

-- + 

[)nd 8 7 is determined from the radhtl bounda r y condi tion. 

(72 ) 

4. Two-Dimensional Hollo'Vl Wafer - Wi th Shear. The 

admi ttance of a concen t;ric hole along the vlafer ax i s doe .s 

no t Ell ter the form of the normal and shear str~ ss eq ua tl om s , 

gJ .: hou[Sh trH cl ispll'lce rr mt coefficie:r " S ll{ill bE- d ifferent 
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by virtue of the added boundary condition at the inside 

surfa ce of the wafer hole. Some of the practical advantages 

to be gained from the analysis of a hollow wafer are: (1) 

an understanding of the influence of a plastic containing 

ring on an elastic, plastic, or hydrostatio medilun; (2) A 

feasibility study of a high-pressure generating device con

sisting of a hollow, plastically deformable compression 

gasket (or wafer), located within an elastic containing ring, 

and filled with a hydrostatic fluid. The high-strength con

t9.ining ring will force the compressively loaded w'afer to 

extrude into the central cavity with an accompanying in

crease i ,n the fluid pressure. The wafer design that ex

hibits the largest grad.ient of radial stress, from outer to 

inner surface, for a given press capacity, will result in 

the highest cavity pressure. 

The boundary condition previously used to assess the 

effect of anvil deflections will be eliminated in favor of 

having the radial stress at the surface of the hole be 

equivalent to the cavity fluid pressure. Since the cavity 

contains a pressure sensing element, as well as the fluid 

medium, the compressibility of each substance must be uti

lized in order to predict the cavity pressure as a function 

of cavity volume. Denoting the radius of the wafer hole 

(at the top surface) by Rit , the applied force on the wafer 

is found by integrating the axial stress from Rit to Rt, 

ann then add1.ng the force created by the cavity pressure, 

ac t ing over 3. circUlar area of radius Rit • 



A computer program for finding the displacement coef

ficients, constraint pressure, cavity pressure, and wafer 

ax ial deflection from the boundary condition equations has 

been vJTi tten, and i-s shown is Appendix I. Since this pro

g r Rm overflows the memory storage of the ~Br1 1620 digi tal 

computer, no actual results have been tabulated at this 

time. The hopes of obtaining the required design criteria 

for an ultra high-pressure system, and the analogy existing 

between the solid and hollow wafer analysis, provided the 

stimulus to carry the problem to this stage of completion. 

A further discussion of the hollow wafer computer program 

is p resented in the section Future Work. 



II. EXPERIMENTAL FACILITIES AND PROCEDURES 

The compressive loads applied to the wafer assembly a re 

supplied by a 2500-ton hydraulic ram press. A view of this 

press, and the associated controls, is presented in Figure 2. 

This press constitutes a part of the general research facili

ties employed at Pressure SCience, Inc., 11642 Old Baltimore 

Pike, Eeltsville, Maryland, for the long range study of hi gh

pressure phenomenon, and the design of ul tn-high pressure test 

equipment. The purpose of having such a massive press is 

twofold. First, the increased tonnage provides an access to 

ultra-high pressures (providing the anvil design is adequate), 

and secondly, the wafer size can be scaled-up to sizes that 

are easily manufactured and handled. 

The top of the press is maintained in a permanent posi

tion .by four lO-inch diameter steel posters. The bottom 

section of the press (ram) is raised through the action of 

fluid pressure generated by hydraulic pumps. A high-and a 

low-volume pump is connected to the ram in order to obtain 

a more deliberate control of the applied force. The approxi

mate magnitude of the applied force can be fo~~d by recording 

the ram gag e pressure, and multiplying by the projected ram 

area. This method does not account for the friction created 

by the sliding seals, and other effects; thus, a standard 

loa d-cell W8 s acqui red from the Na tj .Jl1.al Euren ·t of Stal1.d ;~ rd s , 

and used to '~alibra te :.he ram p ressl J.~ e ga ge dj:.~ectly in i erms 
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of force. 

The loading tray, appearing in Figure 2, provides an 

assembly area at a position external to the press. After 

the anvil-wafer-eontaining ring system has been completely 

assembled, the spring-loaded, roller mounted, loading tray 

can be positioned over the ram center. The inital compressive 

load applied through the wafer system deflects the rollers, 

allowing the loading tray to sit flush on the ram. Upon 

removal of the load, the tray is once again free to roll. 

The weights of the component parts, together with the 

restricted space under the press superstructure, not to 

mention safety, illustrate the desirability of having the 

loading tray. 

The complete wafer compression system consists of the 

following components, shown in Figure 3 and 4. 

(1) Wafer - As defined previously, the wafer is a short 

circular cylinder, having a D/H ratio ranging from 3 to 13. 

The primary wafer material is annealed 303 stainless steel, 

and the secondary materials are 2S aluminum, 6061 aluminum, 

and Armco iron. The materials were purchased as bar stock, 

and all wafers of a particular material were taken with 

identically cuts from the same bar. Standard compression 

tests were conducted on specimens of each mate-rial to obtain 

the desired material constants. The compression specimens 

have a D/H ration of 0.4, and are coated with molybdenum 

disulphide to minimize the end-effects. The material con

stants determined by fitting equation (9), or (63), to th e 
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experimental stress-strain curves are documented in the 

following table. 

I'1a terial 00 -psi b-psi n 

303 stainless Steel 38,000 340,000 1 

2S Aluminum 10,500 11,000 0.377 

6061 Aluminum 15,000 33,000 1 

Armco Iron 30,000 150,000 1 
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The t\"lO hollow wafers appearing in Figure 3 serve to ill u

strate the possible reduction in cavity volume as referred 

to earlier. These hw annealed, 303 stainless steel wafers 

were initially the same size (1.500" O.D., 0.375" I.D., 

0.466" ht.), but after being subjected to a 0.5 million 

pound loa d, in the ring assembly, the wafer on the right 

a ssumed the form as shown (1.525" O.D., 0.264" I.D., 0.43 6" ht.). 

This ·chang e in the hole diameter represents a 50% reduction 

in ca vity volwne, which is sufficiently larg e to create 

ex tremely hi g h pressures in the cavity fluid. 

(2) 1;led ~es - The purpo se of the wedg es is to tra nsmi t, 

in a n ela stic manner, the high-intensity restraining press

ure existing at the external wafer surface, to a low-intensity 

pressure level at the larger inner surface of the steel 

containing rine. This intensification is inversely propor

tional to the radial position. Since the wedg es are not 

joined to one another, no hoop stresses are de veloped, a t:d 
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the vJedges are in a state of compressive stress. The high 

compressive strengths avaiable in Graph-Air metals suggested 

their use as the wedge material. By employing an ambient 

air quench from . 147SoF, and a further air quench to -11°F 

with drY-ice, the compressive elastic limit of the Graph-Air 

was raised to 400,000 psi. These precautions were taken to 

assure that the vW.fer is confined in an elastically deforr,l

able surrounding, consistent with the assumption employed in 

the analysis. 

()) Steel Containing Ring. This ring serves as a radi 81 

support for the wedGes, and was designed to Ni thsta.nd an 

internRl pressure of 50,000 psi. 4140 steel, heat treated to 

8 . 190, 000 psi yield strength, was used as the ring material. 

A sJ.ight interference fit between the steel containing ring 

and wedges was provided to maintain the assembly as an integ,r8.l 

unit. 

(4) Safety Ring - As the name implies, the safety rine; 

is constructed of a ductile material ()O) stainless steel), 

Rnd serves to restrain the motion of the internal parts in 

case a fracture should occur. 

The anvil design is shown in Figure) with the contg in

ing ring. The wafer makes actual contact with the anvil 

cones, wLich in turn are seated in a conical wedge assembly. 

The anvil vledges are supported by two press-fi tted contain

ing rings and an outer safety ring. The anvil cones were 

fabricated from Graph-Air, and were designed in the concial 

shape to take advantaGe of the supporting stresses. 
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An assembly view of the wafer-containing ring system 

appears in Figure 4. It can be seen here that the wafer 

thickness is slightly greater than the corresponding thick

ness of the containing ring, which prevents the anvils from 

making contact with the ring. Three equally spaced rubber 

tabs are placed on the upper and lower sides of the contain

in ring to keep it centered until the expanding wafer makes 

contact. Two SR-4 foil-type strain gages have been mounted 

at diametrically opposed positions on the outer surface of 

the containing ring such that an average circumferential 

strain can be recorded as a function of the applied force. 

The complete assembly of anvils, wafer, and containing 

ring is shovm in place on the ram in Figure 5. Since the 

ram moves at a maximunl rate of 0.5 inches per minute, additiona l 

parallel cylindrical blocks were placed above the top anvil 

to reduce the ram travel required for contact. The large 

area of these blocks prevents the stress level from exceeding 

their elastic limit. The strain gage leads are connected to 

a switching circuit such that readings can be taken from 

both gages without having to reach under the press. The 

leads from the switching circuit are then placed across the 

terminals of a Baldwin static strain gage indicator. A 

temperature compensating strain gage is also employed in 

the usual fashion. In conducting compression tests on confined 

wafers, the ram load was increased in even increments, and the 

circumferential strain, as read on the Baldwin indicator, 

was recorded at each increment. In the unconfined Nafer 
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tests, the mid-meridian wafer diameter was measured with 

micrometers, and documented against the corresponding axi a l 

load. The loss of axial symmetry occurring with large 

( g reater than 30%)radial deformations required that severa l 

diametra l measurements be made, and the average recorded. 

The lubricants used were molybdenum disulphide and iron 

oxide • According to Reference (m), these lubricants have 

coefficients of friction of 0.04 and 0.71, respectively. 

These lubricating powders were first mixed with an alcohol 

solution, and then brush-coated on the wafer-anvil surfaces. 

Upon drying, a thin, uniform coat of lubricant was deposited 

on the desired surfaces. 

The applied force-strain data taken from the confined 

wafer, and the applied force-radial deformation measurements 

acquired from the compression of unconfined wafers, has been 

documented in the various tables and figures of the following 

section. This procedure permits a direct comparison between 

the experimental data and that which has been determined from 

the preceeding analysis. 



III. STRESS AND PRESSURE DISTRIBUTIONS 

This section is devoted to the presentation of the 

resulting stress and pressure gradients existing through

out the wafer, with emphasis placed on the effects of the 

following parameters: (1) diameter-to-thickness ratio; 

(2) wafer material properties; (3) anvil-wafer friction 

factor; and (4) influence of elastically deformable radial 

constraints. 

The experimental and analytical applied force-displace-

ment results achieved in the compression of an unconfined 

• 303 stainless steel wafer are shown in Figure 6. The 

ordinate of this, and subsequent force-displacement diagrams, 

has been non-dimensionalized by dividing the applied force, 

equation (43), by the wafer surface area and the material 

yield strength ao. The abscissa has likewise been non

dimensionalized by forming the ratio of current radius to 

inital radius. The predicted curve is in good agreement 

with the data for the low-friction lubricant (molybdenum 

disulphide), but the same comparison for the high~frlctlon 

lubricant is not as favorable, except perhaps, at the approach 

of higher loads. This latter disagreement is to be expected 

since the analysiS was predicated on the concept of propor-

tional straining, which in turn requires that the surface 

shear stress be small. Since the applied force corresponds 

to the area under the axial normal stress curve, its agree-

ment with the experimental data suggests strongly that the 
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stress distributions are also valid. 

The stress distributions occurring in a radial direction 

across the top and mid-meridian surfaces of a compressed, 

unconfined 303 stainless steel wafer are shown in figure 7. 

To aid in the identification of the type of compression test, 

a case number has been assigned to each of the stress distri

bution diagrams. The first character is a I or II, with the 

I meaning unconfined, and II represents a confined wafer. 

The second character is an A or B, where A indicates that 

the anvil lubricant is molybdenum disulphide, and B repre

sents iron oxide. Since the stresses are symmetrical about 

the wafer axis, the second half of the diagram is reserved 

for showing the results of an increased load. In Figure 7, 

the stresses induced by the loads required to cause 16% and 

32% increases in the inital radius are shown on the left 

and right sides, respectively. The axial stress crz and 

shearing stress Irz are obtained from equations (40) and 

(41), respectively, and the pressure P is found by taking 

the average of the normal stresses, 81uat ions (38), (39), 

.qnd (40). The computer programs used in finding the approp

riate displacement coefficients, stresses and applied forces 

!:l.re Given in Appendix I. In order to better illustrate the 

use and operation of these programs, a single problem, 

namely, the one now in question, is presented in Appendix I, 

with the output being that required for the construction of 

Figures 6 ann 7. 

A cOI:J.pEH' ison of Figures 7 and 8 illustrate s the 1nf1 l1-
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ence of different anvil lubricants on the stress distribution. 

Molybdenum disulphide (coefficient of friction = 0.04) was 

used in Figure 7, and iron oxide (coefficient of friction = 0.71) 

was the lubricant for Figure 8. The higher surface friction 

retards the radial expansion, and causes an intensification 

of the stresses at the wafer center. The shearing stress 

vanishes along the wafer axis and on the mid-meridian plane 

by virtue of symmetry. Both of these figures indicate that 

the axial variations are not significant for the unconfined 

w-afer, especially in the low' shear case. Thi s ]a tter case 

also points the discrepancy involved in assuming that the 

pressure in the wafer is the total force divided by wafer 

area, or what is equivalent, the average value of the normal 

axial stress CTz • 

The influence of wafer material properties has been 

examined from the results of compression tests on 6061 alum

inum and Armco iron. Typical applied force-displacement, and 

stress distribution diagrams have been constructed in the 

manner described earlier, and are shown in the following 

figures. Wafers having two different D/H ratios were con

structed from 6061 aluminum, and their applied force test 

results were superposed on Figure 9 to show the apparent 

agreement with the analysis. This figure indicates that the 

wafer shape (D/H ratio) does not playa major role in the 

compression of unconfined wafers, within the range studied 

herein. Figure 10 represents the corresponding stress and 

pressure distributions for 6061 aluminum, and it is noted 
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that the stresses are still highest at the wafer center, 

and that the axial variations are small. The applied 

force-displacement and stress distribution results for 
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Armco iron are shown in Figure 11 and 12, respectively. The 

inability to replace the actual stress-strain curve of Armco 

iron with a linear equation prohibits the extension of agree

ment between experiments and analysis beyond a 15 per cent 

radial deformation. The earlier comments made on stress 

distributions applies also to Figure 12. 

The tangential strain occurring at the center, surface 

of the containing ring has been documented against the 

applied force required for the compression of a confined 

303 stainless steel wafer, and the results are shown with 

the analytical data in Figure 13. The excellent agreement 

shol~ here is especially encouraging in view of the magni

tude of the applied load (one million pounds). The experi

mental results do not pass through the origin since a certain 

minimum initial clearance must exist between the wafer and 

ring to provide for assembly. The analytical curve also 

starts above the origin since it was assumed that the 

wafer material is rigid until the onset of plastic strain

ing. If the initial clearance and the elastic deformation 

of the wafer are the same, the two results should be com

patible at the start. , The stress distributions occurring 

across the top and mid-meridian surfaces of confined 303 

stainless steel wafer, subjected to a load corresponding 

to a 1.2 per cent increase in initial radius, are shown 
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in Figure 14. Both sides of the diagram are employed to 

effectively illustrate the large stress gradients which 
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occur in both the radial and axial directions of a confined 

w-afer. The radial stress gradients ar.e of the type encountered 

in the unconfined wafer; however, the axial gradients are 

appreciably greater, and this observation will be commented 

on later. Figure 15 illustrates the stress gradients within 

the above wafer after the load has been increased until the 

mid-meridian wafer radius is 2.4 per cent larger than its 

original value. These last two figures indicate that the 

radial gradients tend to level out with increase in load, 

and that the entire stress state approaches more closely to 

a hydrostatic condition. 

In order to evaluate the effects of wafer shape (D/H 

ratio) on the stress distribution in confined wafers, two 

additional calculations were made with all parameters, except 

wafer shape, being the same as those utilized in Figure 15. 

The new diameter-to-height ratios were 6.5 and 13, and their 

resulting stress distributions are shown in Figures16 and 

17, respectively. The results of these last three figures 

have been combined to give a descriptive account of the influ

enceof wafer shape on the profile of the axial normal stress 

distribution. Using the ratio of the axial stress at the 

wafer center to the average axial stress as the parameter 

for describing the . stress profile, the curve appearing in 

Figure 18 shows, for D/H in the range of 3 to 13, that the 

normal axial stress distribution across the wafer surface is 
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maximum at the wafer center, and that the axial stress 

gradient in the radial direction becomes larger with 

increase in the wafer diamete~to-height ratio. This result 

is a topic of concern to many experimentors, References (a), 

(b), and (c), and will be discussed in more detail in the 

section Summary and Conclusions. 

Several 2S aluminum wafers of various shapes were com

pressed to check the validity of the one-dimensional analysis. 

The non-linear stress-strain curve of 2S aluminum affords 

an opportunity to observe the usefulness of the LudWig equa

tion (63). The applied force~displacement data were arranged 

in the usual way, and are presented in Figure 19. The analy

tical results are lower than that dictated by experiments, 

which is as expected, since the one-dimensional analysis 

ignores the force required to overcome the enevitable fric

tion existing at the wafer-anvil interface. The axial stress 

distributions are found from equation (66) and are shown in 

Figure 20. The axial stress corresponding to rigid, perfectly 

lubricated anvils is given in equation (71), and is shown 

in Figure 20 for comparison. Additional information on the 

one-dimensional analysis is given in Reference (1). The 

experimental data used in the construction of the aforemention 

figures has been documented, and is shown in the following 

seven tables. 

The agreement achieved between experimental data and the 

two-dimensional analysis is deemed good, and the resulting 

stress gradients are considered to be defensible in view of 
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-MATERIAL: 303 Stainless Steel, D/H = 3.19 

WAFER: Solid, Unconfined 

INITIAL O.D. = 0.997" ; INITIAL HEIGHT = 0.313" 

ANVIL LUBRICANT ANVIL LUBRICANT 

Molybdenum Disulphide Iron Oxide 

FORCE DIA. ClYc RIRo FORCE\ DIA. CTYc R/Ro (Kips) . (in) 00 (Kips, (in) 00 

0 0.997 0 1.000 0 0.997 0 1.000 

40 1.003 1. 33 1.008 40 0.998 1. 36 1.001 

80 1.063 2.36 1.066 80 1.035 2.50 1.041 

120 1.116 3.22 1.119 120 1.075 3.47 1.072 

160 1.155 4.01 1.158 160 1.113 4.31 1.121 

200 1.209 4~58 1. 212 200 1.150 5.06 1.158 . 

240 1.262 

280 1. 312 

TABLE 

5.04 1. 265 240 1.184 5.72 1.192 

5.61 1.315 280 1. 218 6.33 1.225 

320 1.247 6.88 1.254 

360 1.280 7.35 1.288 

EXPERIMENTAL DATA FOR COM
PRESSION OF SOLID, UNCON
FINED 303 STAINLESS STEEL 
WAFERS 



MATERIAL: 303 stainless Steel, D/H = 3.23 

WAFER: Solid, Confined 

INITIAL O.D. = 1.500"; INITIAL HEIGHT = 0.465" 

ANVIL LUBRICANT ANVIL LUBRICANT 

Molybdenum Disulphide Iron Oxide 

FORCE 

(Kips) 

110 

200 

300 

400 

500 

600 

700 

800 

900 

STRAIN GAGE 
(10-6 in/in) 

LEFT 

30 

135 

340 

555 

740 

930 

1115 

1235 

1360 

RIGHT 

10 

95 

260 

475 

690 

840 

930 

FORCE 

(Kips) 

50 

100 

150 

200 

250 

300 

350 

400 

STRAIN GAGE 
(10-6 in/in) 

LEFT 

10 

15 

35 

115 

200 

280 

360 

465 

RIGHT 

5 

5 

25 

110 

225 

320 

435 

475 
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TABLE 2 EXPERIMENTAL DATA FOR COM
PRESSION OF SOLID, CONFINED 
303 STAINLESS STEEL WAFERS 



MATERIAL: 303 Stainless Steel, D/H = 3.22 

WAFER: Hollow, Unconfined; INITIAL 1.D. = 0.375" 

INITIAL O.D. = 1.500" . INITIAL HEIGHT = 0.466" , 

ANVIL LUBRICANT ANVIL LUBRICANT 

Molybdenum Disulphide Iron Oxide 

FORCE · DIA. R/Ro FORCE DIA. R/Ro 
(Kips) (in) (Kips) (in) 

0 1.500 1.000 0 1.500 1.000 

50 1. 502 1.001 50 1.501 .. 1.001 

100 1.508 1.004 . 100 1.504 1.002 

140 1.548 1.031 145 1.517 1.011 

170 1.575 1.050 195 1.548 1.031 

195 1.597 1.063 245 1.580 1.053 

250 1. 639 1.092 295 1.609 1.072 

290 1.671 1.114 350 1.638 1.091 

340 1. 706 1.137 395 1.662 1.109 

400 1.741 1.161 450 1.690 1.127 

445 1. 776 1.184 500 1.708 1.138 

600 1.875 1. 250 550 1.731 1.155 

600 1.751 1.168 

Final I.D. = 0.380" Final 1.D. = 0.275" 

TABLE 3 EXPERIMENTAL DATA FOR COM
PRESSION OF HOLLOW, UNCON
FINED 303 STAINLESS STEEL 
W·AF ERS 
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MATERIAL: 303 stainless Steel, D/H = 3.22 

WAFER: Hollow, Confined; INITIAL I.D. = 0.375" 

INITIAL O.D. = 1. 500"; INITIAL HEIGHT = 0.466" 

ANVIL LUBRICANT ANVIL LUBRICANT 

Molybdenum Disulphide Iron Oxide 

FORCE STRAIN GAGE FORCE STRA~N GAGE 
(10-6 in/in) (10- in/in) 

(Kips) (Kips) 
LEFT RIGHT LEFT RIGHT 

200 15 5 200 90 - 100 

250 150 95 · 250 235 255 

300 320 285 300 405 445 

350 500 485 350 580 635 

400 665 660 400 745 755 

450 820 815 450 945 935 

500 1005 990 500 1145 1075 

Final I.D. = 0.264" Final I.D. = 0.293" 

TABLE 4 EXPERIMENTAL DATA FOR COM
PRESSION OF HOLLOW, CON
FINED 303 STAINLESS STEEL 
WAFERS 
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MATERIAL: Armco Iron, D/H = 3.66 

WAFER: Unconfined; INITIAL I.D. = 0.250" 

ANVIL LUBRICANT: Molybdenum Disulphide 

INITIAL O. D. = 1. 008" ; 

SOLID 

FORCE DIA. 
(Kips) (in) 

o 1. 008 

RIRo 

o 1.000 

20 1.009 0.72 1.001 

40 1.030 1.37 1.022 

60 1.096 1.82 1.088 

80 1.154 2.17 1.147 

100 1.246 2.34 1.238 

105 1.258 2.41 1.250 

110 1.273 2.47 1.265 

115 . 1.293 2.49 1.285 

120 1.307 2.55 1.300 

INITIAL HEIGHT = 0.275" 

HOLLOW 

FORCE DIA. RIRo 
(Kips) (in) 

o 1. 008 1. 000 

20 1.009 1.001 . 

40 1.030 1.022 

60 1.092 1.085 

80 1.169 1.162 

100 1.241· 1.234 

105 1.259 1.252 

110 1.282 1.275 

115 1.295 1.288 

120 1.313 1.306 

Final I.D. = 0.185" 

TABLE 5 EXPERIMENTAL DATA FOR 
PRESSION OF SOLID AND 
LOW, UNCONFINED ARMCO 
WAFERS 

COM
HOL
IRON 
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MATERIAL: 6061 Aluminum 

WAFER: Solid, Unconfined 

ANVIL LUBRICANT: }1olybdenum Di sulphide 

D/H = 8.33 niH = 4.66 

FORCE DIA. tTYc RIRo FORCE DIA. tTy< RlRe 
(Kips) (in) ao (Kips) (in) 00 

0 1.500 0 1.000 0 1.242 0 1.000 

22 1.505 1.13 1.003 14 1.251 1.05 1.008 

24 1. 506 1. 23 1.004 18 1. 256 1.36 1.012 . 

28 1.512 1.44 1.009 24 1. 271 1.84 1.025 

32 ,1. 519 1. 65 1.012 28 1.287 2.11 1.036 

36 1. 535 1.86 1.023 32 1.307 2.41 1.052 

40 1.555 2.06 1.037 36 1.334 2.71 1.076 

44 1.579 2.26 1~052 40 1.375 3.01 1.109 

4t5 1.bOl 2.47 1.069 44 1.406 3.31 1.133 

52 1. 621 2.67 1.081 48 1.425 3.61 1.149 

56 1.657 2.88 1.104 52 1.458 3.91 1.174 

60 1.687 3.08 1.123 56 1.490 4.21 1. 201 

60 1.509 4.52 1. 217 

TABLE 6 EXPERIMENTAL DATA FOR COM
PRESSION OF SOLID, UNCON
FINED 6061 ALUMINUM WAFERS 

82 



r1ATERIAL: 25 Aluminum 

WAFER: Solid, Unconfined 

ANVIL LUBRICANT: I101ybdenum Disulphide 

D/H = 4.0 D/H = 4.0 

FORCE DIA. 
(Kips) (in) 

0 0.500 

2.55 0.503 

2.94 0.507 

3.34 0.511 

3.73 0.516 

4.12 0.529 

4.51 0.541 

4.91 0.552 

5.30 0.560 

5.69 0.5.73 

TABLE 7 

0-1« RlRo FORCE DIA. o-Yc RIRo 
(To (Kips) (in) <To 

0 1.000 0 1.250 0 1.000 

1. 23 1.006 13.5 1.255 1.04 1.004 

1. 39 1.014 16.0 1. 256 1.23 1.005 
. 

1.55 1.022 18.5 1.262 1.41 1.009 

1. 70 1.032 20.9 1.267 1.57 1.013 

1.80 1.058 23.4 1.288 1. 71 1.030 

1.88 1. 082 25.8 1.321 1.87 1.057 

1. 95 1.104 28.3 1.345 1. 91 1.076 

2.06 1.120 33.2 1.409 2.03 1.127 

2.11 1.146 35.7 1.435 2.10 1.148 

38.1 1.458 2.18 1.166 

EXPERIMENTAL DATA FOR COM
PRESSION OF SOLID, UNCON
FINED 2S ALUMINUM WAFERS 
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the manner in which they were found. The luany parameters 

that are varied in the experimental set-ups of the different 

experiments demands that a great deal more analytical work 

be done in order to correlate the results. A summary state-

ment of the work to be continued in the near _future is pre
( 

sented in the following section. 



I V • FUTURE WO RK 

A proposal has been written requesting funds for con

tinued research on the subject problem. A research grant 

would serve to aid in the investigation of the followine 

items: (1) use of hollow wafer-containing ring system as 

a high-pressure generating device; (2) use of a four-term 

displacement function in lieu of the present maximum of three; 

(J) alteration of the analysis to include the effects of hiGh 

surface shearing stresses; (4) exploration of wafer materials 

that are more common to high-pressure science (e. g., pyrop

hilyte and silver chloride); (5) use of standard bismuth 

and manganin wire techniques for direct determination of 

pressure gradients; and (6) an evaluation of the possible 

effects of material compression and pressure dependent 

material constants. 

The computer programs presented herein for the evalua tion 

of the displacement coefficients for the compressed, hollovl 

wafer will be tailored to meet the programming reqUirements 

for acceptance on the IBN 7090 computer. These results will 

be used as a guide in the optimum design of the high-pressure 

generating device. 
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SUM~~RY AND CONCLUSIONS 

The method of solution used in the analysis of one-and 

two-dimensional parametric variations in the compression of 

cylindrical wafers is considered to be valid, and is adequately 

supported with numerous experimental data. The use of the 

displacement function has served to demonstrate the type of 

solution to be obtained with a retention of the appropri a te 

terms. It also indicates the next term to be added if 8-

more extensive analysis is to be performed. The solutions 

are limited to situations involving low shearing stresses 

at the anvil-wafer interface, and are somewhat cumbersum to 

use. However, in view of the fact that the solutions emhody 

the effects of material strain hardening, anvil deflection, 

surface shear, radial constraints, magnitude of load and 

strain, etc., they should be regarded as useful analytical 

tools for determining the stress and pressure gradients 

existing in Bridgman-type pressure cells (a term generally 

adapted for confined compression wafers). In the compression 

of w1confined, short cylinders, these solutions should also 

describe the "end effects" that are commonly excluded. 

The stress distributions, for confined and. unconfined 

wafers, all indicate that the stress, and pressure, is 

greatest at the wafer center, and decreases with increase in 

radial position. This observation is consistent with the 

results reported in References (c), and (j~ and is in partial 

aGreement Vii th the conclusions of Reference (b).· The admi tta nce 
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of a conta ining ring a round the l'lafer enhances the prospect 

of obta inine:; pressures in the 5x10 5 psi rane,e, especially at 

the vmfer center. Evidence is presented, Figures 14 a nd 15, 

Nhicll supports the argument that the stress state in a radi8,11y 

supported p ressure cell approaches a hydrostatic corJdi tion 

lvi th a sufficient increase in applied load. The cont8inir8 

ring Deed not remain elastic, nor should it act solely on the 

vmfer , if the TOEl.in p urpose is to generate ul tra-hie;h pressures. 

The reason for doing such here is to obtain an experimental 

model that is more nearly compatible wi th the mathema ticEll 

8 s8umptions. The limited information obtained for high 

surface friction, iron oxide lubricant, indicates tha t the 

shearinG stresses restrain the radial expansion of the IN"afer, 

in much the same manner as a containing ring, and serves to 

intensify the stress level at the wafer center, and to 

increase the axial variations of pressure. 

This thesis entertains the effects of the variables 

pertinent to pressure cell constructions that have not 

previously been resolved. The method of solution permits a 

re-evaluation of the simpler analysis now available, and 

lends itself to an extension to problems of more complexity. 

The experience gained in performing this analysis should 

aid in exten~ing the solutions to include the variations 

listed in the previous section. This work is not termina l, 

and will be pursued from different points of view until more 

elaborate and satisfactory results have been achieved. 



APPENDIX I. 

CO!1PUTER PROGRAI1S AND SAl1PLE RESULTS 

As indicated earlier, the equations (4S), (48), (SO), 

(S3), and (S7) represent five independent 'equations for the 

determination of the three displacement coefficients, al' 

a 2 , a 3 , the mid-meridian constraining pressure, Pc, and the 

wafer centerline deflection, ~ A knowledge of these 

parameters allows for the determination of the normal and 

shearing stress distributions from equations ()8),- ()9), (40), 

and (41), respectively. The applied compressive force can 

likewise be determined from (4)). 

If, at a given load, or what is equivalent, a given 

radius ratio Rc/Ro' values of a 2 and fl are assumed, then 

a) can be found from equation (SO). Using this, a 1 and Pc 

are found from (4S) and (48), respectively. Equations (5)) 

and (57) are utilized to check the validity of the assumed 

val ue s of a2 and Il A reasonably close approximation can 

be found for6 by assuming that the wafer maintains its 

cylindrical shape at all loads. Since the wafer expands 

more at the mid-meridian plane, the coefficienta2' which 

is a measure of this curature, will be some initially small 

negative quantity. 

The computer program shown in Figure 21, written in 

FORTRAN language, starts with an assumed value of -0.010 

for a 2 , and then calculates an approximate value of A from 
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C C 
C DAVIS, R. TRIAL AND ERROR SOLUTION FOR COEFFICIENTS 

DIMENSION ARU(6), SIM(6), A34(50) 
1 READ, RO, HO, STRO, B 
2 READ, UNU, G 
3 READ, DIF1, RING, A2, F 
4 F1 = 1.+DIFI 
5 Fl = Fl + DIFI 

NAN = 1 
CUP = 0.02 
SAM = O. 
x = O. 
y = O. 
RC = Fl*RO 
DELTA = (HO*(I.-I./(Fl**2.»)*2. 
PRINT, DELTA 

1 0 A2 = - 0 .010 
HC = HO-DELTA/2. 
L = 1 
M = a 
MAN = a 
HC1 = 2.*HO - DELTA 

11 A3 = DELTA/(2.*HCl)-(A2*(HCl*HCl»/4. 
M = M+l 
MAN = MAN+l 

12 Al = «RC-ROI/(RC*RC*RC»-(A3/(RC*RC» 
13 PC = (RC*RING)*(Al*RC*RC+A3) 

ALPHT = (52./3.I*Al*Al 
HAMT = 12.*A1*A2+9.*A2*A2+16.*Al*A1 
BETT = (4./3.)*(HAMT*HC*HC+12.*Al*A3) 

14 BETTP = (B./3.)*(HAMT*HC) 
GAMT = 4.*(3.*A2*HC*HC+A3)*(3.*A2*HC*HC+A3) 
GAMTP = 4B.*A2*(3.*A2*HC*HC+A3)*HC 
RT = RC 

43 RT3 = Al*RT*RT 
RT4 = 3.*A2*HC*HC+A3 
RTI = RO+(RT3+RT4)*RT 
RT2 = ABS(RTI-RT) 
IF(RT2- 0 . 00 1)15,15,35 

35 RT = O.25*(3.*RT+RTl) 
GO TO 43 

FIG. 2 I PROGRAM FOR DETERCOMPUTER 
MINING UNKNOWN 
COEFFICIENTS. 

DISPLACEMENT 
SOLID WAFER 
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IS IF(RT-RC)91,91,9 
9 IF(NAN-l)I,96,93 

91 HT = HC 
39 HT3 = -2.*A2*HT*HT 

HT4 = 4.*Al*RT*RT+2.*A3 
HT1 = HO+(HT3-HT4)*HT 
HT2 = ABS(HTI-HT) 
IF(HT2-0.001)16,16,47 

47 HT = O.2S*(3.*HT+HTl) 
GO TO 39 

16 ZEKE = SORT(ALPHT) 
BILL = SORT(GAMT) 
COEF1 = (F*STRO/(3.*ZEKE.l )*(2.*AI-3.*A2) 
GREI = 2.*ALPHT*RT*RT+BETT 
IF(GREl)31,31,33 

31 COMPI = O. 
COMP3 = O. 
GO TO 37 

33 COMPI = (GREI/(4.*ALPHT))*(LOG(GREl)-1.) 
COMP3 = O.S*RT*RT*LOG(GREl) 

37 IF(BETT)32,32,36 
32 COMP2 = O. 

GO TO 38 
36 COMP2 = (BETT/(4.*ALPHT) )*(LOG(BETT)-l.) 
38 RIGHI = COEFl*(COMPl-COMP2-COMP3) 

COEF2 = 2.*F*STRO/3 • . 
EPSIT = SQRT(ALPHT*RT*RT*RT*RT+BETT*RT*RT+GAMT) 

17 COMP4 = (7.*A1*EPSIT)/(2.*ALPHT) 
BALLI = (BETT/(2.*ZEKE))+ZEKt*RT*RT+EPSIT 
IF(BALl1l6,6,7 

6 GRE2 = O. 
GO TO 8 

7 GRE2 = lOG(BALLl) 
8 COMPS = (7.*Al*BETT/(4.*ALPHT**1.S)*GRE2 

COMP6 = (7.*Al*BILLI/(2.*ALPHTI 
BALL2 = (BETT/(2.*ZEKE))+BILL 
IF(BALL2)19,19,21 

19 GRE3 = O. 
GO TO 25 

21 GRE3 = LOG(BALL2) 
25 GRE4 = BETT/(4.*ALPHT**1.5) 

FIG. 2 I (CONTINUED) 
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COMP7 = GRE4*GR~3*7.*Al 
GRE5 = 9.*A2*HC*HC+3.*A3 
COMP8 = (GRE5/C2.*ZEKE»*GRE2 
COMP9 = (GRE5/(2.*ZEKE»*GRE3 

91 

RIGH2 = COEF2*(COMP4-CO~P5-COMP6+COMP7)+COEF2*CCOMP8-COMP9) 
SAMl = F*STRO*HC*C3.*A2-4.*Al) 
SAM2 = 3.*(BETT*BETT-4.*ALPHT*GAMT) 
COEF3 = SAMl/SAM2 
GRE6 = BETT*BETTP-2.*ALPHT*GAMTP 
ELEMl = (GRE6/(2.*ALPHT) )*EPSIT 
ELEM2 = GR E 6*GRE4*GR ~ 2 
ELEM3 = GRE6* BILL/(2. * ALPHT) 
ELEM4 = GRE6*GRE4*GRE3 
GRE7 = BETT*GAMTP-2.*GAMT*BETTP 
ELEM5 = CGRE7/C2.*ZEKE»*GRE3 
ELEM6 = CGRE7/(2.*ZEKE) )*GRE2 
ELEM7 = « GRE6*RT*RT-GRE7)/EPSIT)*O.5*RT*RT 
RIGHA = ELEMl-ELEM2-ELEM3+ELEM4 
RIGH8 = ELE~5-ELEM6+ELEM7 
RIGH3 = COEF3*(RIGHA+RIGHB) 
RIGH4 = O.25*F*B*RT*RT*RT*RT*C4.*Al+A2) 
CO~F5 = O.5*F*RT*RT 
TERMl = (2./3.)*Al*B*RT*RT 
TERM2 = A2*B*RT*RT 
TERM3 = 6.*A2*B*HC*HC 
TERM4 = 2.*A3*B 
PT = RT*RING*(Al*RT*RT+3.*A2*HC*HC+A3) 
PTI = (RT-RO)*RING 
PT = O.5*CPT+PTl) 
RIGH5 = COEF5*(TERMl-TERM2+TERM3+TERM4+PT) 
SIDER = RIGHl-RIGH2+RIGH3-RIGH4-RIGH5 
ZEK2 = SQRT(ZEKE) 
BIL2 = SQRT(BILL) 
BALL3 = (BIL2+RT*ZEK2)/(BIL2-RT*ZEK2) 
IF(BALL3)26 9 26,27 

26 BALL4 = O. 
GO TO 28 

27 BALL4 = LOG(BALL3) 
28 R = O.-RT/l O. 

BOY3 = (GAMT/(ALPHT*ALPHT*ALPHT»**O.25 
18 R = R + RT/lO. 

FIG. 2 I (CONTINUED) 



SHEAl = CZ./3.)*B*C3.*AZ-4.*Al)*R*HT 
EPSI = SQRT(ALPHT*R*R*R*R+BETT*R*R+GAMT) 
SHEAZ = (Z./3.)*STRO*(3.*AZ-4.*Al)*R*HT/EPSI 
TAUNO = (1.12.)*STRO+(1.12.)*S*EPSI 
TAURZ = SHEAl+SHEA2 
IF(RT-R)24,20,20 

20 TAUNO = ABS(TAUNO) 
TAURZ = ABS(TAURZ) 
IF(TAUNO-TAURZ)23,23,22 

22 GO TO IS 
23 RA = R 

GO TO 34 
24 BOYl = (2./3.)*STRO*(3.*A2-4.*Al)*HC 

BOY2 = RT/ZEKE 
BOY4 = O.5*BOY3*BALL4 
BOY5 = BOY1*(BOY2-BOY4) 
BOY6 = (2./9.)*B*HC*RT*RT*RT 
BOY7 = (SIDER-BOY5)/BOY6 
A2l = C4.*Al+BOY7)/3. 
GO TO 44 

34 GIRLl = (2./3.I*STRO*C3.*A2-4.*Al)*HC 
GIRL3 = GIRL1*(RA/ZEKE-BOY3*O.5*BALL4) 
GIRL4 = O.25*STRO*(RT*RT-RA*RA) 
GIRL5 = ((0.5*B*GREl)/(S.*ALPHT) )*EPSIT 
GRES = (4.*ALPHT*GAMT-BETT*BETT)/(16.*ALPHT**1.5) 
BALLS = 2.*ALPHT*RT*RT+BETT+2.*ZEKE*EPSIT 
IF(BALL5)Z9,Z9,30 

29 BALL6 = o. 
GO TO 51 

30 BALL6 = LOG(BALL5) 
51 GIRL6 = 0.5*B*GRES*BALL6 

CARl = 2.*ALPHT*RA*RA+BETT 
CAR2 = SQRTCALPHT*RA*RA*RA*RA+BETT*RA*RA+GAMT) 
GIRL7 = O.5*B*CARl*CARZ/(8.*ALPHT) 
BALL7 = CARl+2.*ZEKE*CAR2 
IF(BALL7)52,5Z,53 

52 BALLS = o. 
GO TO 55 

53 BALLS = LOG(8ALL7) 
55 GIRL8 = O.5*B*GRE8*BALL8 

SIDEL = GIRL3+GIRL4+GIRL5+GIRL6-GIRL7-GIRL8 

FIG. 2 I (CONT INUED) 
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CAR3 = C2./9.)*B*HC*RA*RA*RA 
A21 = C CSIDER-SIDEL)/CAR3+4.*Al)/3. 

44 A?? = ARSCA21) 
IFCA22+A21)1,46,45 

46 A23 = ABSCA2) 
IFCA23+A2)1,61,62 

61 A24 = ABS(A21-A2) 
63 IFCA24/ABS(A2)-0.OI)60,60,65 
65 A34CL) = A24 

IFCL-Z)64,64,66 
66 IFCA34CL)-A34CL-2) )64,9,9 
64 IFCM-I0)4 0 ,40,49 
4 0 A2 = O.5*CA2+A21) 

PRINT, A2, A2l 
L = L+l 
GO TO 11 

49 IFCMAN-20)86,86,87 
86 A2 = O.25*C3.*A2+A21) 

PRINT, A2, A21 
L = L+l 
GO TO 11 

87 A2 = O.I*(9.*A2+A21) 
PRINT, A2, A21 
L = L+l 
GO TO 11 

62 A24 = ABSCA21+A2) 
GO TO 63 

45 A23 = ABSCA2) 
IFCA23+A2)1,62,61 

6 0 RSCOI = (STROIC3.*ZEKE»*(2.*AI-3.*A2) 
NAN = NAN+l 
C = 0. 
DO 83 1=1,5 
ARU(I) = 2.*ALPHT*RT*RT*C*C+BETT 
IFCARU( I) )81,81,82 

81 SIMCI) = o. 
GO TO 83 

82 SIMC I) = LOGCARUC I) 
83 C = C+ O.25 

RSTI = SIM(I)+4.*SIM(2)+2.*SIMC3)+4.*SIMC4)+SIMC5) 
RST2 = RT*SIM(5) 

FIG. 2 I (CONTINUED) 
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RS1 = RSC01*(C1./12.I*RT*RST1-RST2) 
RSC02 = (2./3.)*STRO 
RST3 = 7.*A1*CRTIZEKE-O.S*BOY3*SALL4) 
BOY8 = 1.IC2.*CALPHT*GAMTI**0.2S) 
RST4 = C9.*A2*HC*HC+3. *A3)*BOY8*BALL4 
RS2 = RSC02*CRST3-RST4) 
RSC03 = COEF3/F 
RSTS = GRE6*RST3/C7.*All 
RST6 = GRE7*SOY8*BALL4 
RST7 = RT*CCGRF.6*RT*RT-GRE71/EPSITI 
RS3 = RSC03*CRSTS+RST6-RST71 
RS4 = (1./3.I*B*RT*RT*RT*C4.*Al+A21 
RST8 = (2./3.)*A1*B*RT*RT-A2*B*RT*RT+2.*A3*S+PT 
RSS = CRST8+6.*A2*5*HC*HC)*RT 
RS6 = SIDER/(F*RT) 
RSIDE = RS1-RS2+RS3-RS4-RS5-RS6 
DELTl :: 2.*C (HO-HT)-( Cl.-UNU)/G)*RSIDE) 
DELT2 = ABS(DELT11 
IFCDELT2+DELTl)1,76,7S 

76 DELT3· = ABSCDELTAI 
IFCDELT3+DELTAll,71,72 

71 DELT5:: DELT1-DELTA 
DELT4 = ABSCDELT51 

73 IFCDELT4/DELTA-O.01190,90,79 
93 IFCDELTSI98,90,99 
98 DELTA:: DELTA+SAM 

CUP :: O.25*CUP 
GO TO 79 

99 DELTA:: DELTA-SAM 
CUP :: 0.2S*CUP 
GO TO 79 

79 PRINT, DELTA, A2, A24, CUp, DELTS 
PRINT, AI, A2, A3, A24 
PRINT, RC, RT, HC, HT 
IFCDELTSI96,9 0 ,97 

96 SAM = CUP*DELTA 
Y = Y+l. 
IFCXll,84,88 

84 DELTA = DELTA-SAM 
PRINT, DELTA 
GO TO 10 

FIG. 2 I (CONTINUED) 
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88 CUP = 0.5*CUP 
SAM = CUP*DELT/\ 
GO TO 84 

97 SAM = CUP*DELTA 
x = X+l. 
IF(Y)1,89d7 

89 DELTA = DELTA+SAM 
PRINT, DELTA 
GO TO 10 

77 CUP = O.S*CUP 
SAM = CUP*DELTA 
GO TO 89 

72 DELTS = DELTl+DELTA 
DELT4 = ABS(DELTS) 
GO TO 73 

7S DELT3 = ABS(DELTA) 
IF(DELT3+DELTA)1,72,71 

9 0 PUNCH, AI, A2, A3, A24 
PUNCH, DELTA, PC, DELT4, Fl 
PUNCH, ALPHT, BETT, GAMT 
PUNCH, RC, RT, HC, HT 
IF(l.+DIFl*10.-Fl)92,92,S 

92 PUNCH, RO, HO, STRO, B 
PUNCH, UNU, G 
PUNCH, F, DIFl, RING 
GO TO 1 
END 

t-tG.21 (CONTINUED) 
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the ~ssumed cylindrical expansion of the wafer. The two 

values ~re used, as stated above, to determine the remain-

ing three parameters. With this information, a new value 

of a2 is computed from equation (53). Note here that a 

check is made to assure that the shearing stress existing 

at the top surface of the wafer dbes not exceed the shear 

strength ~ of the wafer material. The computed and oI'i[;inal 

values of a2 are compared, and a new selection of a 2 is made 

and the computing starts again. This iteration scheme is 

repeated until such time that the computed and original values 

differ by less than 1%. Once this result has been accomplished, 

equation (57) is employed for the calculation of a new value 

of the wafer centerline deflection, ~. If the value differs 

by more than 1% from the value used in its calculation, then 

the entire procedure listed above is repeated again, with 

a new selection for ~ , until the results are within the 1% 

margin. Fortunately, the ability to determine an approximate 

value for ~ at the outset, appreciably shortens the iteration 

process. 

After all parameters have been computed within the indi

cated margin of error, the results are punched in card form, 

and the machine advances to the next load level, as indicated 

by an appropraite increase in the radius ratio, and commences 

to compute a new set of parameters. This procedure is con

tinued , at equal increments, until the wafer achieves a 32% 

eXllansion, or up to the load limi t of the containing rin[,; 

if one is used. The time required for a complete evaluation 
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of the five parameter, at eight increments of radial strain, 

on the IP,Iv! 1620 diGi tal computer, is 3t to 4 hours. The long 

computer times involved suggested that a series of print-out 

statements be inserted in the program to keep the operator 

informed of the machine progress. In the -solution of those 

problems where a containing ring was involved, a pair of 

accept statements, with a means for returning to them at 

will, were also placed in the program. The reason for this 

is that a small change in the assumed parameters (a2 and ~ ) 

caused very erratic changes in their computed values; hence, 

the method previously used in the unconfined case for selecting 

new values did not provide the necessary convergence. The 

~ccept statements permitted the operator to insert new data 

as deemed necessary. After the desired results were obtained, 

the selection pattern became apparent; however, the purpose 

of this program is not to find an easier approach for 

obtaining the same solution over again, but rather to establish 

a method for determining the unknown parameters under any 

given set of conditions. 

With the displacement coefficient~, constraining pressure, 

and centerline deflection now known, the coefficients CI, , /3. , 
and Y, ' and their derivatives, can be found from an appli

c~tion of equations (36) and (37), respectively. This infor-

mation is sufficient for finding the applied compressive 

force as defined in equation (43). The computer program 

used in the evaluation of (43) is sho~m in Figure 22 and is 



C C 
C DAVIS, ROBERT, APPLIED FORCE VERSUS RADIUS RATIO 

DIMENSION Al(30), A2(30), A3(30) 
DI~ENSION DELTA(30), PC(30), Fl(30) 

1 READ, RO, HO, STRO, B 
READ, UNU, G 
READ, F, RING, STRAC 
DO 4 1=1,8 
READ, AUI" A2(I" A3(1) 

4 READ, DELTA(l), PC(I), FUI) 
DO 40 1=1,8 
ALPHC = (52./3.)*Al(I)*Al(I) 
BETC = 16.*Al(I)*A3(I) 
GAMC = 4.*A3(I)*A3(1) 
RC = FI(I)*RO 
BABI = 2.*ALPHC*RC*RC+BETC 
EPSIC = SQRTIALPHC*RC*RC*RC*RC+BETC*RC*RC+GAMC) 
lEKE = SQRT(ALPHC) 
BILL = SQRT(GAMC) 
BAB2 = (BETC/(2.*lEKE) )+lEKE*RC*RC 

98 

COEFI = (2.*3.I4159/( 3.*lEKE) )*STRO*(2.*AU I )-3.*A2( I» 
IF(BETC)8,8,7 

8 RIGH2 = O. 
GO TO 9 

7 RIGH2 = (BETC/(4.*ALPHC»*(LOG(BETC)-I.) 
9 IF(BAB1)10,10,11 

10 RIGHI = O. 
RIGH3 = O. 
GO TO 12 

11 RIGHI = (AAB1/(4.*ALPHC»*(LOG(BABl)-I.) 
RIGH3 = (O.5*RC*RC)*LOG(BAB1) 

12 TERMl = COEFl*(RIGHI-RIGH~-RIGH3) 
TERM2 = (O.5*3.14159*B*RC*RC*RC*RC)*(4.*Alll)+A2(I» 
COEF2 = (4./3.)*3.14159*STRO 
RIGH4 = (7.*Al(I)*EPSIC)/(2.*ALPHC) 
IFIBAB2+EPSIC)14,14,15 

14 BAB3 = o. 
GO TO 16 

15 BAB3 = LOG(BAB2+EPSIC) 
16 BAB4 = BETC/(4.*ALPHC**1.5) 

RIGH5 = 7.*Al(I)*BAB4*BAB3 

FIG. 22 PROGRAM FOR EVALUCOMPUTER 
ATING APPLIED FORCE ON WAFER 



RIGH6 = 7.*Al(I'*BILL/12.*ALPHC' 
IFIIBETC/(2.*ZEKE, )+BILL'17,17,18 

17 BAB5 = o. 
GO TO 19 

18 BAB5 = LOGIBETC/(2.*ZEKE'+BILL) 
19 RIGH7 = 7.*A1II'*BAB4*BAB5 

RIGH8 = 13.*A3II'*BAB3'''2.*ZEKE) 
RIGH9 = 13.*A3II'*BAB5)/12.*ZEKEI 
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TERM3 = COEF2*(RIGH4-RIGH5-RIGH6+RIGH7+RIGH8-RIGH91 
BLAS = 1(2./3.)*A1II)-A2II)I*B*RC*RC+2.*A311)*B+PC(I) 
TERM4 = 13.14159*RC*RC)*BLAS 
FORCE = TERMI-TERM2-TERM3-TERM4 
STRA = FORCE/13.14159*RC*RC*STRO) 
ESTO = STRAC*PCII) 
PUNCH, STRA, Fl I I), RC 

40 PUNCH, FORCE, ESTO, PC(I) 
PUNCH, RO, HO, STRO, B 
PUNCH, UNU, G 
PUNCH, F, RING, STRAC 
GO TO 1 
END 

FIG. 22 (CONTINUED) 
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,'I1'i tten such that the output from the coefficients program is 

directly ada~ted for input data. The output of the force 

prOcr8.fil is in terms of the appli ed force and the radius TDtio, 

o 'r contain ing ring strain fee; If the wafer is confined. The 

dntn obtained fron the coefficients progr~n is also used in 

Figure 2J, l'fhich is the required computer program for deter-

ninin,; the norIna l and shea rtng stresses as Given in equationr-

(J·3), (J9), (L~O), and (41). The stress distrihutions are 

determined for two distinct values of radial deforma tion :in 

order to illustrate the effect of increased load on the stress 

cradients. The axial variations of the stresses are shovn1 

by comparinG the resul ts obtained at the P.1id-meridj [;l1 i,L 'l (~ 

(3=0) with those At the top surface. Since the pressure is 

defined herein as the average of the orthogonal stress st~ te 

:-1 t a point, it is recorded concurrently wi th the docwnen tint.; 

of the norma l stresses. 

In order to illustrate more clearly the operation of the 

computer llroc;rarns just described, the information entered [·tn<1. 

recieved in the evalua tion of the compression of an unconfined 

JOJ stainless steel wafer is shown in Figures 24, 25, and 26. 
, 

The interp retation of the location and meaning of the i nl)U.t 

"l.nd 011.tpUt. datA. is best described by referring to the approp-

ri:':1.te Nri tten program, and cross examining the "read" and 

"punch" statements, respectively. The output of Figure 24 

i s u sed in computinc applied force i i1 Figure 25, and the 

n.83ired st r ess distributions in Figure 26. The results of 

Fi:..;ures 25 C!< ld 26 Here employed in the construction of 
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c c 
C DAVIS, ROBERT, GENfRAL STRESS DISTRIBUTION IN SOLID WAFERS 

DIMENSION Al(30), A2(30), A3(30) 
DIMENSION DELTA(30), PC(30), Fl(30) 

1 READ, RO, HO, STRO, B 
READ, UNU, G 
READ, F, RING, STRAC 
DO 4 1=1,2 
READ, Al(I), A2(I), A3(1) 

4 READ, DELTA(I), PC(I), FUI) 
DO 40 1=1,2 
HC= HO-DfLTA(I)/2. 
Z = O.-HC 

6 Z = Z+HC 
RC = RO*Fl< I) 
Rl = RC 

7 RAI = RO+Al(I)*Rl*Rl*Rl 
Rll = RAl+3.*A2( I )*Z*Z*Rl+A3( I )*Rl 
R12 = ARS(RII-Rl) 
IF(R12-0.001)9,9,10 

10 Rl = (Rll+Rl)/2. 
GO TO 7 

9 R = O.-Rl/lO. 
8 R = R+RI/lO. 

ALPHA = (52./3. )*Al (l )*Al (I) 
BLUI = l2.*Al<I)*A2(Il+9.*A2(1)*A2(I)+16.*Al<I)*A}(I) 
BETA = (4./3. )*( BLUl*Z*Z+12.*Al( I )*A3( I» 
BETAP = (8./3.)*BLUl*Z 
BLU2 = 3.*A2(I)*Z*Z+A3(I) 
GAMA = 4.*BLU2*BLU2 
GAMAP = 48.*A2(I ,*BLU2*Z 
EPSI = SQRT(ALPHA*R*R*R*R+BETA*R*R+GAMA) 
EPSII = SQRT(ALPHA*Rl*Rl*Rl*Rl+BETA*Rl*Rl+GAMA) 
GIRLI = 2.*ALPHA*R*R+BETA 
GIRL2 = 2.*ALPHA*Rl*Rl+BETA 
ZEKE = SQRT(ALPHA) 
DOGl = GIRLl+2.*ZEKE*EPSI 
DOG2 = GIRL2+2.*ZEKE*EPSIl 
COEFI = STRO*(2.*Al( I )-3.*A2( I) )/(3.*ZEKE) 
DOG3 = DOGI/DOG2 
IF(DOG3)12,12,13 

FIG. 23 PROGRAM FOR DETERCOMPUTER 
MINING STRESS 
IN WAFER 

DISTRIBUTION 



12 TERMI = o. 
GO TO 14 

13 TERMI = COEF1*LOGIDOG3) 
14 COWl = BETA*BETAP-2.*ALPHA*GAMAP 

COW2 = BETA*GAMAP-2.*GAMA*BETAP 
RIGHI = ICOW1*R*R-COW2)/EPSI 
RIGH2 = (COWl*Rl*Rl-COW2)/EPSII 
PIGI = BETA*BFTA-4.*ALPHA*GAMA 
IFIPIGl)16,15,16 

15 TERM2 = O. 
GO TO 17 

16 COEF2 = STRO*Z*13.*A2II)-4.*AIII»/13.*PIGl) 
TERM2 = COEF2*(RIGHI-RIGH2) 

17 PI = Rl*RING*IAl(I)*Rl*Rl+3.*A2( I)*Z*Z+A3II» 
TERM3 = (B/3.)*(2.*A1II)-3.*A2(I»*(R*R-Rl*Rl) 
STRR = TERMl+TERM2+TERM3-Pl 
TERM4 = ((4./3.)*AIII)*STRO*R*R)/EPSI 
TERMS = (2./3.)*Al(J)*B*(R*R+Rl*Rl) 
TERM6 = A2(I)*B*(R*R-Rl*Rl) 
STRT = TERMl+TERM2-TERM4-TERM5-TERM6-PI 
PIG2 = 7.*AIII)*R*R+9.*A2(I)*Z*Z+3.*A3(I) 
TERM7 = 112./3.)*STRO*PIG2)/EPSI 
TERM8 = (2./3.)*Al(I)*B*(6.*R*R+Rl*Rl) 
TERM9 = 6.*A2(I)*B*Z*Z 
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STRZ = TERMl+TERM2-TERM7-TERM8-TERM6-TERM9-2.*A3II)*B-Pl 
PRESS = (1./3.)*ISTRR+STRT+STRZ) 
PIG3 = (2./3.)*R*Z*(3.*A2(I)-4.*Al(I» 
TAURZ = B*PIG3+(STRO*PIG3)/EPSI 
TAUNO = (1./2.)*STRO+(1.12.)*B*EPSI 
TAURZ = ABS(TAURZ) 
TAUNO = ABS(TAUNO) 
IF(TAUNO-TAURZ)31,33,33 

31 TAURZ = TAUNO 
33 PUNCH, STRR, STRT, STRZ, R 

PUNCH, PRESS, TAURZ 
IF(R-Rl'8,37,37 

37 PUNCH, Rl, PI, Z, HC 
IF(Z-HC)6,40.40 

40 CONTINUE 
PUNCH, RO, HO, STRO, B 
PUNCH, UNU, G 
PUNCH, F, RING, STRAC 
GO TO 1 
END 

FIG. 23 (CONTINUED) 



0.750 
0.30 
0.040 

0.232 38000. 340000. 
12500000. 

O. -0.010 0.04 

-1.0123E-02 -6.2015E-02 8.0116E-02 
6.2167E-02 0.0000 3.4849E-04 
1.1162E-03 -1.0119E-02 2.1445E-02 
8.1000E-01 8.0456E-01 2.0062E-01 

-1.0141E-02 -6.9388E-02 1.1473E-01 
8.5061E-02 0.0000 3.0956E-04 
2.0021E-03 -1.1137E-02 4.6013E-02 
8.4000E-01 8.3400E-01 1.8947E-01 

-1.3557E-02 -8.8735E-02 1.4819£-01 
1.0449E-01 0.0000 1.0152E-03 
3.1857E-03 -2.8343E-02 7.1942E-02 
8.7000E-01 8.6272E-01 1.7975E-01 

-1.4745E-02 -1.0093E-01 1.7861E-01 
1.2062E-01 0.0000 2.8540E-04 
3.1687E-03 -3.7697E-02 1.1511E-01 
9.0000E-01 8.9176E-01 1.7169E-01 

-1.6893E-02 -1.1649E-01 2.0816E-01 
1.3492E-01 0.0000 6.4619E-04 
4.9464E-03 -5.0837E-02 1.5192E-01 
9.3000E-01 9.2056E-01 1.6454E-01 

-1.8855E-02 -1.3176E-01 2.3613E-01 
1.4142E-01 0.0000 6.9421E-04 
6.1621E-03 -6.4828E-02 2.0471E-01 
9.6000E-01 9.4962E-01 1.5829E-Ol 

-1.9038E-02 -1.4052E-01 2.6108E-01 
1.5785E-01 0.0000 1.1836E-03 
6.2824E-03 -7.2792E-02 2.5242E-01 
9.9000E-01 9.7887E-01 1.5308E-01 

-2.2936E-02 -1.6226E-01 2.8851E-01 
1.6847E-01 0.0000 1.0410E-03 
9.1181E-03 -9.7452E-02 3.0900E-01 
1.0200 1.0075 1.4777E-01 
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8.3430E-05 
1.0800 

2.0466E-01 
4.9647E-04 
1.1200 

1.9343E-01 
8.2442E-04 
1.1600 

1.8498E-01 
5.6521E-04 
1.2000 

1.7732E-01 
3.4029E-04 
1.2400 

1.7096E-01 
4.1257E-04 
1.2800 

1.6546E-01 
3.8408E-04 
1.3200 

1.6034E-01 
3.8029E-04 
1.3600 

1.5657E-Ol 

FIG. 24 SAMPLE INPUT-OUTPUT DATA 
FOR COEFF ICIENTS PROGRAM. 
303 STAINLESS STEEL WAFER. 
CASE I-A 



0.750 0.232 38000. 
*.30 1250000. 

340000. 

*.04 O. O. 
-1.0123E-02 
6.2767E-02 
-1.0747E-02 
8.5061E-02 
-1.3557E-02 
1.0449E-01 
-1.4745E-02 
1.2062E-01 
-1.6893E-02 
1.3492E-01 
-1.8855E-02 
1.4742E-01 
-1.9038E-02 
1.5785E-01 
-2.2936E-02 
1.6847E-01 

-2.4522 
-1.9207E+05 
-3.0788 
-2.5934E+05 
-3.6944 
-3.3382E:.+05 
-4.2644 
-4.1236E+05 
-4.8138 
-4.9704E+05 
-5.3401 
-5.8753E+05 
-5.8294 
-6.8206E+05 
-6.3338 
-7.8667E+05 

7.5000E-01 
3.0000E-01 
4.0000E-02 

-6.2075E-02 8.0716E-02 
0.0000 1.0800 
-6.9388E-02 1.1473E-01 

0.0000 1.1200 
-8.8735E-02 1.4819E-01 

0.0000 1.1600 
-1.0093E-01 1.7861E-01 

0.0000 1.2000 
-1.1649E-01 2.0816E-01 

0.0000 1.2400 
-1.3176E-01 2.3613E-01 

0.0000 1.2800 
-1.4052E-01 2.6108E-01 

0.0000 1.3200 
-1.6226E-01 2.8857E-01 

0.0000 1.3600 

1.0800 8.1000E-01 
0.0000 0.0000 
1.1200 8.4000E-01 
0.0000 0.0000 
1.1600 8.7000E-01 
0.0000 0.0000 
1.2000 9.0000E-01 
0.0000 0.0000 
1.2400 9.3000E-01 
0.0000 0.0000 
1.2800 9.6000E-01 
0.0000 0.0000 
1.3200 9.9000E-01 
0.0000 0.0000 
1.3600 1.0200 
0.0000 0.0000 
2.3200E-01 3.8000E+04 
1.2500E+06 
0.0000 0.0000 
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3.4000E+05 

FIG. 25 SAMPLE INPUT-OUTPUT DATA 
FOR APPLIED FORCE PROGRAM. 
INFORMATION USED IN FIG. 6 



FIG. 

0.750 0.232 38000. 340000 • 
• 30 12500000 • 
• 04 O. O. 

-1.3557E-02 
1.0449E-01 
-1.9038E-02 
1.5785E-01 

-2.8832E+04 
-1..5088E+04 
-2.8550E+04 
-7.4727E+04 
-2.7701E+04 
-7.3643E+04 
-2.6286E+04 
-7.1834E+04 
-2.4299E+04 
-6.9295E+04 
-2.1737E+04 
-6.6021E+04 
-1.8593E+04 
-6.2003E+04 
-1.4858E+04 
-5.7232E+04 
-1.0523E+04 
-5.1693E+04 
-5.5756E+03 
-4.5372E+04 

1.6097E-02 
-3.8248E+04 

8.7000E-01 

-2.9736E+04 
-7.4043E+04 
-2.9445E+04 
-7.3673E+04 
-2.8571E+04 

-8.8735E-02 1.4819E-01 
0.0000 1.1600 
-1.4052E-Ol 2.6108E-Ol 

0.0000 1.3200 

-2.8832E+04 -1.6760E+05 
0.0000 

-2.8485E+04 -1.6715E+05 
0.0000 

-2.7445E+04 -1.6578E+05 
0.0000 

-2.5707E+04 -1.6351E+05 
0.0000 

-2.3268E+04 -1.6032E+05 
0.0000 

-2.0120E+04 -1.5621E+05 
0.0000 

-1.6253E+04 -1.5116E+05 
0.0000 

-1.1657E+04 -1.4518E+05 
0.0000 

-6.3146E+03 -1.3824E+05 
0.0000 

-2.0828E+02 -1.3033E+05 
0.0000 
6.6858E+03 -1.2143E+05 
0.0000 
0.0000 0.0000 

-2.9736E+04 -1.6266E+05 
0.0000 

-2.9381E+04 -1.6219E+05 
1.0434E+03 

-2.8314E+04 -1.6080E+05 
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0.0000 

8.7000E-02 

1.7400E-01 

2.6100E-01 

3.4800E:...01 

4.3500E-01 

5.2200E-01 

6.0900E-01 

6.9600E-01 

7.8300E-01 

8.7000E-01 

1.7976E-01 

0.0000 

8.6239E-02 

1.7248E-01 

26 SAMPLE INPUT-OUTPUT 
STRESS DISTRIBUTION 
INFORMATION USED IN 

DATA FOR 
PROGRAM. 
FIG D 7 
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-7.2562E+04 2.0893E+03 
-2.7112E+04 -2.6534E+04 -1.5848E+05 2.5872E-Ol 
-7.0707E+04 3.1401E+03 
-2.5064E+04 -2.4034E+04 -1.5522E+05 3.4496E-Ol 
-6.8104E+04 4.1984E+03 
-2.2423E+04 -2.0806E+04 -1.5101E+05 4.3120E-Ol 
-6.4746E+04 5.2671E+03 
-1.9180E+04 -1.6842E+04 -1.4585E+05 · 5.1744E-Ol 
-6.0624E+04 6.3491E+03 
-8.5328E+04 -1.2129E+04 -1.3972E+05 6.0368E-Ol 
-5.5727E+04 7.4480E+03 
-1.0857E+04 -6.6507E+03 -1.3261E+05 6.8991E-Ol 
-5.0040E+04 8.5675E+03 
-5.7522E+03 -3.8835E+02 -1.2450E+05 7.7615E-Ol 
-4.3546E+04 9.7120E+03 

1.4200E-02 6.6807E+03 -1.1535E+05 8.6239E-Ol 
-3.6224E+04 1.0887E+04 

6.4175E+03 1.4584E+04 -~.0515E+05 9.4863E-Ol 
-2.8050E+04 1.2097E+04 

8.6239E-Ol 0.0000 1.7976E-01 1.7976E-01 

-5.2432E+04 -5.2432E+04 -2.6797E+05 0.0000 
-1.2428E+05 0.0000 
--.1915E+04 -5.1812E+04 -2.6714E+05 9.9000E-02 
-1.2362E+05 C.OOOO 
-5.0363E+04 -4.9951E+04 -2.6468E+05 1.9800E-01 
-1.2166E+05 0.0000 
-4.7773E+04 -4.6846E+04 -2.6056E+05 2.9700E-Ol 
-1.1839E+05 0.0000 
-4.4141E+04 -4.2491E+04 -2.5479E+05 3.9600E-Ol 
-1.1381E+05 0.0000 
-3.9462E+04 -3.6878E+04 -2.4736E+05 4.9500E-Ol 
-1.0790E+05 0.0000 
-3.3728E+04 -2.9995E+04 -2.3826E+05 5.9400E-Ol 
-1.0066E+05 0.0000 
-2.6928E+04 -2.1830E+04 -2.2747E+05 6.9300E-Ol 
-9.2076E+04 0.0000 
-8.9051E+04 -1.2363E+04" -2.1498E+05 7.9200E-Ol 
-8.2133E+04 0.0000 
-1.0081E+04 -1.5724E+03 -2.0078E+05 8.9100E-Ol 

FIG. 26 (CONTINUED) 
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+7.0811E+04 0.0000 
1.8385E-02 1.0569E+04 -1.8483E+05 9.9000E-01 

-5.8087E+04 0.0000 
9.9000E-01 0.0000 CJ.OOOO 1.5308E-01 

-5.2272E+04 -5.2272E+04 -2.6109E+05 0.0000 
-1.2188E+05 0.0000 
-5.1757E+04 -5.1655E+04 -2.6027E+05 9.7877E-02 
-1.2123E+05 1.4343E+03 
-5.0209E+04 -4.9804E+04 -2.5782E+05 1.9575E-01 
-1.1928E+05 2.8708E+03 
-4.7627E+04 -4.6715E+04 -2.5373E+05 2.9363E-01 
-1.1602E+05 4.3117E+03 
-4.4006E+04 -4.2382E+04 -2.4800E+05 3.9151E-01 

1.1146E+05 5.7594E+03 
-3.9341E+04 -3.6798E+04 -2.4061E+05 4.8938E-01 
-1.0558E+05 7.2163E+03 
-3.3624E+04 -2.9951E+04 -2.3156E+05 5.8726E-01 

9.8379E+04 8.6853E+03 
-2.6844E+04 -2.1827E+04 -2.2084E+05 6.8514E-01 

8.9837E+04 1.0169E+04 
-1.8991E+04 -1.2409E+04 -2.0842E+05 7.8301E-01 
-7.9940E+04 1.1672E+04 
-1.0049E+04 -1.6766E+03 -1.9428E+05 8.8089[-01 
-6.8670E+04 1.3197E+04 

1.8385E-02 1.0397E+04 -1.7841E+05 9.7877E-01 
-5.6004E+04 1.4750E+04 

9.7877E-01 0.0000 1.5308E-01 1.5308E-01 
7.5000E-01 2.3200E-01 3.8000E+04 3.4000E+05 
3.0000E-01 1.2500E+06 
4.0000E-02 0.0000 0.0000 

FIG. 26 (CONTINUED) 
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FiGures 6 n.nd 7, respectively. 

The method of solution for a hollow wafer was described 

in an e 9 rlier section, and its discussion was resumed in the 

section "Future Work". The merits of having this solution 

have been poi~ted out, and a continuing effort will be mr;.de 

to carry it to completion. The program for use in computing 

the displa cement coefficients is shmID in F'igure 27, and is 

completely analogous to that cont8.ined in F'igure 21. 'rhe 

exception being that the added length of the boundary condi

tion equations creates an overflow in the memory storage of 

the IBH 1620 computer. In th an appropriate change in the 

input-output statements of the current program, it can b e 

run on the IBM 7090, and it is the present intent to do so in 

the near future. The required stress and force programs have 

not been shown since their operation depends upon the avail

ability of the output data from the coefficients program. 
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( ( 
C DAVIS, R. TRIAL AND ERROR SOLUTION FOR COEFFICIENTS 
C WAFER WITH HOLE ALONG AXIS 

DIMENSION A34(4) 
1 READ, RO. RIO, HO, STRO, B 

5 

RFAf), lJNLJ , G 
READ, DIFI. RING. F 
READ, va, VOl, V02 
READ. C1. (2, C3 
RFAD, AKI. AK2. AK3 
Fl = 1. 
Fl = Fl+2.*DIFl 
CUP = 0.03 
NAN = 1 
SAM = o. 
RIM = RIO 
RIT = RIO 
RIC = RIO 
X = O. 
Y = O. 
RC = Fl*RO 
DFLTA = (HO*(1.-1./(Fl*Fl»)*2. 
H~ = HO-DELTA/2. 
PRINT, DELTA 
HT = HC 

10 A2 = -0.010 
L = 1 
M = 0 
MAN = 0 
HCl = 2.*HO-DELTA 

11 A3 = DELTA/(2.*HCl)-(A2*IHCl*HCl»/4. 
"'1 = M+l 
MAN = MAN+l 

12 Al = I(RC-RO)/IRC*RC*RC»-IA3/IRC*RC» 
15 RIT3 = Al*RIT*RIT 

RIT4 = 3.*A2*HC*HC+A3 
RITl = RIO-(RIT3+RIT4)*RIT 
RIT2 = ABSIRITI-RIT) 
IFIRIT2-0.001)20.20.17 

17 RIT = 0.25*13.*RIT+RITl) 
GO TO 15 

FIG. 27 COMPUTER PROGRAM FOR DETER
DISPLACEMENT 
HOLLOW WAFER 

MINING UNKNOWN 
COEFF ICIENTS. 



20 RITI = 1./(1.-2.*(RIT/RC)*(RIT/RC» 
RIT2 = (2.*(RC-RO)*RIT*RIT)/(RC*RC*RC) 
RIT, = DELTA/(4.*HC)-A2*HC*HC 
RIT4 = RIT1*(RIT3-RIT2) 
RIT5 = ABS(RIT4-A3) 
IF(ABS(RIT5/RIT4)-O.01)25,25,22 

22 A3 = 0.25*(3.*A3+RIT4) 
GO TO 12 

25 PC = (RC*RING)*(A1*RC*RC+A3) 
ALPHT = (52./3.)*Al*Al 
HAMT = 1?*Al*A?+9.*A2*A2+l6.*Al*Al 
RETT = (4./3.)*(HAMT*HC*HC+12.*A1*A3) 
RETTP = (8./3.)*(HAMT*HCl 
GAMT = 4.*(3.*A2*HC*HC+A3)*(3.*A2*HC*HC+A3) 
GAMTP = 48.*A2*(3.*A2*HC*HC+A31*HC 
RT = RC 

30 RIT3 = A1*RT*RT 
RIT4 = 3.*A2*HT*HT+A3 
RITI = RO+(RIT3+RIT4)*RT 
RIT2 = ABS(RITI-RT) 
IF(RIT2-0.001)35,35,31 

31 RT = 0.25*(3.*RT+RIT1) 
. GO TO 30 

35 RIT3 = -2.*A2*HT*HT 
RtT4 = 4.*Al*RT*RT+2.*A3 
RITI = HO+(RIT3-RtT4)*HT 
RIT2 = ABS(RIT1-HT) 
IF(RIT2-0.001)41,41,37 

37 HT = 0.25*(3.*HT+RIT1) 
GO TO 35 

41 RIT3 = Al*RIC*RIC+A3 
RITI = RIO-RIT3*RIC 
RIT2 = ABS(RITI-RIC) 
IF(RIT2-0.001)45,45,43 

43 RIC = O.25*(3.*RIC+RIT1) 
GO TO 41 

45 RIT3 = Al*RIM*RIM 
RIT4 = 0.15*A2*HC*HC+A, 
RITI = RIO-(RtT,+RIT4)*RIM 
RIT2 = ABS(RITI-RIM) 
PIC = O. 

FIG. 27 (CONTINUED) 
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IF(RIT2-0.001)50,50,48 
48 RIM = 0.25*(3.*RIM+RITl) 

GO TO 45 
5 0 CAV1 = RIT*RIT+RIC*RIC+4.*RIM*RIM 

CAV2 = (AKl+AK2*PIC+AK3*PIC*PIC)*V01 
CAV3 = (C1+C2*PIC+C3*PIC*PIC)*V02 
PI1 = -CC3.14159*HC/3.)*CAV1-VO)/CCAV2+CAV3) 
ERR = (ARSCPI1-PIC»/PII 
IF(ABS(ERR)-0.Ol)52,52,51 

51 PIC = O.25*C3.*PIC+PIl) 
GO . TO 50 

52 ZEKE = SORT(ALPHT) 
RILL = SORT(GAMT) 
ALPHC = ALPHT 
BETC = 16.*A1*A3 
GAMC = 4.*A3*A3 
RITI = 2.*ALPHC*RIC*RIC+BETC 
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EPSIC = SORT(ALPHC*RIC*RIC*RIC*RIC+RETC*RIC*RIC+GAMC) 
EPSC = SORT(ALPHC*RC*RC*RC*RC+BETC*RC*RC+GAMC) 
ZEKEC = SORT(ALPHC) 
RIT2 = 2.*ALPHC*RC*RC+RETC 
BOY21 = STRO*(2.*Al-3.*A2)/(3.*ZEKEC) 
BOY22 = (RITl+2.*ZEKEC*EPSIC)/(RIT2+2.*ZEKEC*EPSC) 
IF(BOY22)53,53,54 

53 ROY23 = O. 
GO TO 55 

54 BOY23 = BOY21*LOG(BOY22) 
55 BOY24 = B*(RIC*RIC-RC*RC)/3. 

BOY25 = (PIC+ROY23-PC)/BOY24 
A21 = (BOY25+2.*Al)/3. 
A22 = ABS(A21) 
IF(A22+A21)1,56,67 

56 A23 = ARS(A2) 
IF(A23+A2)1,S7,66 

57 A24 = ABS(A21-A2) 
58 R = RIT-RT/10. 

IF(A24/ABS(A2)-0. Ol)71,71,S9 
59 A34(L) = A24 

IF(L-2)61,61,6n 
60 IF(A34(L)-A34(L-2»95,33,33 
33 IF(NAN-1)1,96,93 
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95 L = L-1 
61 IF(M-10)62,62,63 
62 A2 = O.5*(A2+A21) 

PRINT, A2, A21 
L = L+1 
GO TO 11 

63 A2 = O.25*(3.*A2+A21) 
PRINT, A2, A21 
L = L+l 
GO TO 11 

A6 A24 = AR~(A?l+A?) 
GO TO 58 

67 A23 = ABS(A2) 
IF(A23+A2)1,66,57 

71 R = R+RT/10. 
SH~Al = (2./3.)*R*(3.*A2-4.*Al)*R*HT 
EPSI = SQRT(ALPHT*R*R*R*R+BETT*R*R+GAMTl 
SHEA2 = (2./3.)*STRO*(3.*A2-4.*Al)*R*HTrEPSI 
TAUNO = O.5*(STRO+B*EPSI) 
TAURZ = SHEA1+SHEA2 
IF(RT-R)75,72,72 

72 TAUNO = ABS(TAUNO) 
TAURZ = ABS(TAURZ) 
IF(TAUNO-TAURZ)73,73,71 

75 BOYI = (2./9.)*S*«HC+HTl/2.)*(3.*A2-4.*Al) 
BOY2 = BOYl*(RT*RT*RT-RIT*RIT*RIT) 
BUG7 = 4.*ALPHT*GAMT-BETT*BETT 
IF(GAMT)14,14,13 

13 BOY21 = GAMT**O.25 
GO TO 16 

14 BOY21 = O. 
16 IF(ALPHTI19,19,18 
18 BOY22 = ALPHT**O.25 

BUG8 = BUG7/(16.*ALPHT**1.5) 
GO TO 21 

19 BOY22 = O. 
BUG8 = O. 

21 BOY23 = (BOY21+RT*BOY22)/(BOY21-RT*BOY221 
IF(GA~T/ALPHT)24.24,23 

23 BOY24 = O.5*(GAMT/(ALPHT*ALPHT*ALPHT»)**O.25 
GO TO 26 
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24 ROY24 = O. 
26 IF(BOY23)28t28,27 
27 BOY25 = RT/ZEKE-BOY24*LOG(BOY23) 

GO TO 29 
28 ROY25 = RT/ZEKf 
29 BOY3 = (2./3.)*STRO*«HC+HTI/2.)*(3.*A2-4.*Al) 

BOY26 = (BOY21+RIT*BOY22)/(ROY2l-RIT*ROY22) 
IF(BOY26)38t38,36 

36 BOY27 = -RIT/ZEKE+BOY24*LOG(BOY26) 
GO TO 39 

38 BOY27 = RIT/ZEKE 
39 BOY4 = BOY3*(BOY25+BOY27) 

SIDEL = BOY2+BOY4 
GO TO 80 

73 RA = R 
GIRLl = O.25*STRO*(RT*RT-RA*RA) 
BOYl = 2.*ALPHT*RT*RT+BETT 
EPST = SORT(ALPHT*RT*RT*RT*RT+BETT*RT*RT+GAMT) 
BOY2 = BOYl*EPST/(8.*ALPHT) 
BOY3 = 2.*ZEKE*EPST+BOYl 
BOY4 = 2.*ALPHT*RA*RA+BETT 
EPSA = SORT(ALPHT*RA*RA*RA*RA+BETT*RA*RA+GAMT) 
BOY5 = 2.*ZEKE*EPSA+BOY4 
IF(BOY3/BOY5)42t42t46 

42 BOY6 = O. 
GO TO 47 

46 BOY6 = LOG(BOY3/BOY5) 
47 BOY9 = BUG8*BOY6 

BOYlO = BOY4*EPSA/(8.*ALPHT) 
GIRL2 = O.5*B*(BOY2+BOY9-60YlO) 
GUNl = (2./9.)*B*( (HC+HT)/2.)*(3.*A2-4.*Al) 
GIRL3 = GUNl*(RA*RA*RA-RIT*RIT*RIT) 
GUN4 = (ROY2l+RA*BOY22)/(BOY2l-RA*ROY22) 
IF(GUN4)82,82 t 83 

82 GUN5 = O. 
GO TO 84 

83 GUN5 = LOG(GUN4) 
84 GUN7 = RA/ZEKE-BOY24*GUN5 

GUN9 = (BOY2l+RIT*BOY22)/(BOY2l~RIT*BOY22) 
IF(GUN9188,88 t 89 

88 GUNlO = O. 

FIG. 27 (CONTINUED) 
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GO TO 2 
89 GUNI O = LOG(GUN9) 

2 GUNII = -RIT/ZEKF+BOY24*GUNIO 
GUNI2 = (2./3.)*STRO*(HC+HT)/2.)*(3.*A2-4.*AI) 
GIRL4 = GUNI2*(GUN7+GUNII) 
SIDEL = GIRLI+GIRL2+GIRL3+GIRL4 

8 0 COEFI = (F*STRO/(3.*ZEKE»*(2.*AI-3.*A2) 
RITI = 2.*ALPHT*RT*RT+BETT 
IF(RITl)34,34,32 

32 A32 = LOG(RITl) 
RIT2 = (RITl/(4.*ALPHT»*(A32-1.) 
GO TO 4 0 

34 RIT2 = O. 
A32 = O. 

4 0 RIT3 = 2.*ALPHT*RIT*RIT+BETT 
IF(RIT3)65,65,64 

64 A35 = LOG(RIT 3 ) 
RIT4 = (RIT3/(4.*ALPHTII*(A35-1.1 
GO TO 68 

65 RIT4 = O. 
A35 = O. 

68 A31 = O.5*(RT*RT-RIT*RITI*A32 
BOYI = COFFl*IRIT2-RIT4-A31) 
COEFI = 2.*STRO*F/3. 
BOY2I = 7.*Al*EPST/(2.*ALPHT) 
HT2 = 128.*Al*BETT/BUG7)* BUG8 
HT3 = BETT/(2.*ZEKE)+ZEKE*RT*RT+EPST 
IFIHT3)7 0 ,70,69 

69 HT4 = LOG(HT3) 
GO TO 74 

7 0 HT4 = O. 
74 BOY22 = HT2*HT4 
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EPSIT = SQRTIALPHT*RIT*RIT*RIT*RIT+BETT*RIT*RIT+GAMT) 
BOY23 = (7.*Al/(2.*ALPHT) )*EPSIT 
A33 = BETT/(2.*ZEKE)+ZEKE*RIT*RIT+EPSIT 
IFIA33)77.,77,76 

76 BOY24 = LOG(A33) 
GO TO 78 

77 BOY24 = O. 
78 BOY29 = HT2*BOY24 

COEF2 = 9.*A2*((HC+HT)/2.)*((HC+HT)/2.)+3.*A3 
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BOY25 = (l./(2.*ZEKE) )*HT4 
BOY26 = (1./(2.*ZEKE) )*BOY24 
BOY27 = COEF2*(BOY25-BOY26) 
BOY2 = COEFI*(BOY21-BOY22-BOY23+BOY29+BOY27) 
COEF2 = (STRO*F*«HC+HT)/2.)*(3.*A2-4.*AI»/3. 
COEFI = COEF2/(BETT*BETT-4.*ALPHT*GAMT) 
COEF2 = RETT*BETTP-2.*ALPHT*GAMTP 
BOY2I = (1./(2.*ALPHT»*EPST 
BOY23 = BOY22+(I./(2.*ALPHT»*EPSIT-BOY29 
BOY24 = COEF2*(BOY21-BOY23) 
COEF3 = BETT*GAMTP-2.*GAMT*BETTP 
BOY2I = BOY25-BOY26 
BOY23 = O.5*(COEF2*RT*RT-COEF3)/EPST 
BOY24 = BOY23*(RT*RT-RIT*RIT) 
BOY3 = COEFI*(BOY24-COEF3*BOY21-BOY24) 
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BOY4 = B*F*(4.*AI+A2)*(RT*RT*RT*RT-RIT*RIT*RIT*RIT)/4. 
BOY2I = O.5*F*(B*RT*RT*((2./3.)*AI-A2» 
PT = RING*(RT-RO) 
BOY23 = O.5*F*(6.*A2*B*(HC+HTl/2.+PT) 
BOY24 = RT*RT-RIT*RIT 
BOY5 = (ROY21+ROY2~)*POY24 
BOY6 = -F*B*A3 
SIDER = BOYI-BOY2+BOY3-BOY4-BOY5 
A3 = -(SIDEL-SIDER)/(F*B) 
BOYI = (HC+HT)/2. 
DELTI = 4.*BOYI*(2.*AI*RIT*RIT+A2*BOY1*BOYI+A3) 
DELT2 = ABS(DELTI) 
IF(DELT2+DELTI)1.44.49 

44 DELT3 = ABS(DELTA) 
~t(DELT3+DELTA)I.81.85 

81 DELT5 = DELTI-DELTA 
DELT4 = ABS(DELT5) 

3 IF(DELT4/DELTA-O.OI)90.90,79 
93 IF(DELT5'98.90.99 
98 DELTA = DELTA+SA~ 

CUP = O.25*CUP 
GO TO 79 

99 DELTA = DELTA-SAM 
CUP = O.25*CUP 

79 PRINT, DELTA, A2, A24, CUP, DELT5 
PRINT. AI. A2, A3, A24 
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PRINT, RC, RT, HC, HT 
IF(DELT5)96,90,97 

96 SAM = CUP*DELTA 
Y = Y+1. 
IF(X)1,7,8 

7 DELTA = DELTA-SAM 
PRINT, DELTA 
GO TO 10 

8 CUP = 0.25*CUP 
SAM = CUP*DELTA 
GO TO 7 

97 SAM = CUP*DELTA 
X = X+1. 
IF(Yll,9,6 

9 nELTA = nFLTA+SA~ 
PRINT, DELTA 
GO TO 10 

6 CUP = 0.25*CUP 
SAM = CUP*DELTA 
GO TO 9 

85 DELT5 = DELTl+DELTA 
DELT4 = ABS(DELT5) 
GO TO 3 

49 DELT3 = ABS(DfLTA) 
IF(DELT3+DELTA)1,85,81 

90 PUNCH, AI, A2, A3, A24 
PUNCH, DELTA, PC, DELT4, Fl 
PUNCH, ALPHT, RFTT, GAMT 
PUNCH, RC, RT, HC, HT 
PUNCH, EPSC, EPSIC, EPST, EPSIT 
IF(1.+DIFl*8.-F1)92,92,5 

92 PUNCH, RO, HO, STRO, B 
PUNCH, UNU, G 
PUNCH, F, DIFl, RING 
GO TO 1 
END 

FIG. 27 (CONTINUED) 
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